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1 Introduction
In this paper we address the question of stability of Minkowski space-time for the system of the
Einstein-scalar field equations1
(1.1) Rµν − 1
2
gµνR = Tµν .
The equations connect the gravitational tensor Gµν = Rµν − 12gµν given in terms of the Ricci Rµν and
scalar R = gµνRµν curvatures of an unknown Lorentzian metric gµν and the energy-momentum tensor
Tµν of a matter field ψ:
(1.2) Tµν = ∂µψ ∂νψ − 1
2
gµν
(
gαβ∂αψ ∂βψ
)
The Bianchi identities
DµGµν = 0
imply that the scalar field ψ satisfies the the covariant wave equation
gψ =
1√
| det g|∂µ
(
gµν
√
| det g|∂νψ
)
= 0
The set (m,R3+1, 0): standard Minkowski metric g = m = −dt2 +∑3i=1(dxi)2 on R3+1 and vanishing
scalar field ψ ≡ 0 describes the Minkowski space-time solution of the system (1.1).
The problem of stability of Minkowski space appears in the Cauchy formulation of the Einstein
equations in which given a 3-d manifold Σ0 with a Riemannian metric g0, a symmetric 2-tensor k0
and the initial data (ψ0, ψ1) for the scalar field, one needs to find a 4-d manifold M, with a Lorantzian
metric g and a scalar field ψ satisfying the Einstein equations (1.1), and an imbedding Σ0 ⊂ M such
that g0 is the restriction of g to Σ, k0 is the second fundamental form of Σ and the restriction of ψ to
Σ0 gives rise to the data (ψ0, ψ1).
∗Part of this work was done while H.L. was a Member of the Institute for Advanced Study, Princeton, supported by
the NSF grant DMS-0111298 to the Institute. H.L. was also partially supported by the NSF Grant DMS-0200226.
†Part of this work was done while I.R. was a Clay Mathematics Institute Long-Term Prize Fellow. His work was also
partially supported by the NSF grant DMS–01007791.
1We use Greek indices α, β, µ, ν... = 0, ..., 3, the summation convention over repeated indices and the notation ∂α =
∂/∂xα. The symbol D denotes a covariant Levy-Civita derivatives with respect to the metric g
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The initial value problem is over determined and the data must satisfy the constraint equations:
R0 − k0ij k0ji + k0ii k0jj = |∇ψ0|2 + |ψ1|2, ∇jk0ij −∇i k0jj = ∇iψ0 ψ1.
Here R0 is the scalar curvature of g0 and ∇ is covariant differentiation with respect to g0.
The seminal result of Choquet-Bruhat [CB1] followed by the work [CB-G] showed existence and
uniqueness (up to a diffeomorphism) of a maximal globally hyperbolic2 smooth space-time arising from
any set of smooth initial data. The work of Choquet-Bruhat used the diffeomorphism invariance of
the Einstein equations which allowed her to choose a special harmonic (also referred to as a wave
coordinate or de Donder) gauge, in which the Einstein equations become a system of quasilinear wave
equations on the components of the unknown metric gµν
(1.3) ˜g gµν = Fµν(g)(∂g, ∂g) + 2∂µψ ∂νψ, ˜gψ = 0, where ˜g = g
αβ∂α∂β
with F (u)(v, v) depending quadratically on v. Wave coordinates {xµ}µ=0,...,3 are required to be so-
lutions of the wave equations g x
µ = 0, where the geometric wave operator is g = DαD
α =
gαβ∂α∂β + g
αβΓ ναβ∂ν . The metric gµν relative to wave coordinates {xµ} satisfies the wave coordinate
condition
(1.4) gαβgνµΓ
ν
αβ = g
αβ∂βgαµ − 12gαβ∂µgαβ = 0.
Under this condition the geometric wave operator g is equal to the reduced wave operator ˜g. The
use of harmonic gauge goes back to the work of Einstein on post-Newtonian and post-Minkowskian
expansions.
In the PDE terminology the result of Choquet-Bruhat corresponds to the local well-posedness of the
Cauchy problem for the Einstein-vacuum (scalar field) equations with smooth initial data. The term
local is appropriate in the sense that the result does not guarantee that the constructed space-time is
causally geodesically complete 3 and thus could ”terminate” in a singularity. Our experience suggests
that global results require existence of conserved or more generally monotonic positive quantities. The
only known such quantity in the asymptotically flat case is the ADM mass, whose positivity was
established by Schoen-Yau [S-Y] and Witten [Wi], is highly supercritical relative to the equations
and thus not sufficient to upgrade a local space-time to a global solution. This leaves the questions
related to the structure of maximal globally hyperbolic space-times even for generic4 data firmly in
the realm of the outstanding Cosmic Censorship Conjectures of Penrose. Given this state of affairs
the problem of stability of special solutions, most importantly the Minkowski space-time, becomes of
crucial importance.
Stability of Minkowski space-time for the Einstein-vacuum (scalar field) equations:
Show existence of a causally geodesically space-time asymptotically ”converging” to the Minkowski
space-time for an arbitrary set of smooth asymptotically flat initial data (Σ0, g0ij , k0ij) with Σ0 ≈ R3,
(1.5) g0ij = (1 +
M
r
)δij + o(r
−1−α), k0ij = o(r
−2−α), r = |x| → ∞, α > 0
2A space-time is called globally hyperbolic if every inextendable causal curve intersects the initial surface Σ once and
only once. A causal curve x(s) is a curve such that gαβ x˙
αx˙β ≤ 0, where x˙ = dx/ds. It is future directed if x˙0 > 0.
3i.e. any causal geodesics x(s), gαβ x˙
αx˙β = const ≤ 0 can be extended to infinite parameter value 0 ≤ s <∞.
4Note that all the known explicit solutions, with exception of the Minkowski space-time, are in fact incomplete.
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where (g0 − δ) and k0 satisfy global smallness assumptions . The stability of Minkowski space-time for
the Einstein-scalar field equations: in addition requires a global smallness assumption on the scalar
field data (ψ0, ψ1), which obey the asymptotic expansion
(1.6) ψ0 = o(r
−1−α), ψ1 = o(r
−2−α).
A positive parameter M in the asymptotic expansion for the metric g0 is the ADM mass.
The stability of Minkowski space for the Einstein-vacuum equations was shown in a remarkable
work of Christodouolou-Klainerman for strongly asymptotic initial data (the parameter α ≥ 1/2 in the
asymptotic expansion (1.5).) The approach taken in that work viewed the Einstein-vacuum equations
as a system of equations
DαWαβγδ = 0, D
α ∗Wαβγδ = 0
for the Weyl tensorWαβγδ of the metric gαβ and used generalized energy inequalities associated with the
Bel-Robinson energy-momentum tensor, constructed from components ofW , and special geometrically
constructed vector fields, designed to mimic the rotation and the conformal Morawetz vector fields of
the Minkowski space-time, i.e., ”almost conformally Killing” vector fields of the unknown metric g. The
proof was manifestly invariant, in particular it did not use the wave coordinate gauge. This approach
was later extended to the Einstein-Maxwell equations by N. Zipser, [Z].
Nevertheless the PDE appeal (for the other motivations see the discussion below) of the harmonic
gauge for the proof of stability of Minkowski space-time lies in the fact that the latter can be simply
viewed5 as a small data global existence result for the quasilinear system (1.3). However, usefulness of
the harmonic gauge in this context was questioned earlier and it was suspected that wave coordinates
are ”unstable in the large”, [CB2]. The conclusion is suggested from the analysis of the iteration
scheme for the system (1.3):
gµν = mµν + εg
(1)
µν + ε
2g(2)µν + ...,
where g
(1)
µν , g
(2)
µν satisfy respectively homogeneous and inhomogeneous wave equations on Minkowski
background
(1.7)  g(1)µν = 0,  g
(2)
µν = F (mµν)
(
∂g(1)µν , ∂g
(1)
µν
)
, where  = mαβ∂α∂β
As a solution of the homogeneous 3+1-d wave equation with smooth decaying initial data the functions
g
(1)
µν ≈ Cε t−1 in the so called wave zone t ≈ r as t → ∞. Integrating the second equation implies
that g
(2)
µν ≈ C ′ε t−1 ln t. This suggests that already the asymptotic behavior of the second iterate
deviates from the one of the free waves in Minkowski space-time and plants the seeds of doubt about
global stability of such a scheme. We should note that this formal iteration procedure is termed the
post-Minkowskian expansion and plays an important role in the study of gravitational radiation from
isolated sources, see e.g. [Bl], [B-D].
To understand some of the difficulties in establishing a small data global existence result for the
system (1.3) let us consider a generic quasilinear system of the form
(1.8) φi =
∑
bjkαβi ∂αφj ∂βφk +
∑
cjkαβi φj ∂α∂βφk + cubic terms
5This statement requires additional care since a priori there is no guarantee that obtained ”global in time” solution
gµν defines a causally geodesically complete metric. However, the latter can be established provided one has good control
on the difference between gµν and the Minkowski metric mµν , see [L-R2].
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The influence of cubic terms is negligible while the quadratic terms are of two types, the semilinear
terms and the quasilinear terms, each of which present their own problems. The semilinear terms can
cause blow-up in finite time for smooth arbitrarily small initial data, as was shown by John[J1], for
the equation φ = (∂tφ)
2. D. Christodoulou [C1] and S. Klainerman [K2] showed global existence for
systems of the form (1.8) if the semilinear terms satisfy the null condition and the quasilinear terms
are absent. The null condition, first introduced by S. Klainerman in [K1], was designed to detect
systems for which solutions are asymptotically free and decay like solutions of a linear equation. It
requires special algebraic cancellations in the coefficients bjkαβi , e.g. φ = (∂tφ)
2 − |∇xφ|2. However,
the semilinear terms for the Einstein equations do not satisfy the null condition, see [CB3]. The
quasilinear terms is another source of trouble. The only non-trivial example of a quasilinear equation
of the type (1.8), for which the small data global existence result holds, is the model equation φ =
φ∆φ, as shown in [L2] (radial case) and [A3] (general case). However the solutions only decay like
φ ∼ εt−1+Cε. This in particular implies that the characteristic surfaces of the associated Lorentzian
metric g = −dt2 + (1 + φ)∑3i=1(dxi)2 diverge distance∼ tCε from the Minkowski cones.
In our previous work [L-R1] we identified a criteria under which it is more likely that a quasilinear
system of the form (2.9) has global solutions6. We said that a system of the form (2.9) satisfy the
weak null condition if the corresponding asymptotic system (c.f. [H1, H2]) has global solutions7 We
showed that the Einstein equations in wave coordinates satisfy the weak null condition. In addition
there is some additional cancelation for the Einstein equations in wave coordinates that makes it better
than a general system satisfying the weak null condition. The system decouples to leading order, when
decomposed relative to the Minkowski null frame. An approximate model that describes the semilinear
terms has the form
φ2 = (∂tφ1)
2, φ1 = 0.
While every solution of this system is global in time, the system fails to satisfy the classical null
condition and solutions are not asymptotically free: φ2 ∼ εt−1 ln |t|. The semilinear terms in Einstein’s
equations can be shown to either satisfy the classical null condition or decouple in the above fashion
when expressed in a null frame. The quasilinear terms also decouple but in a more subtle way. The
influence of quasilinear terms can be detected via asymptotic behavior of the charachteristic surfaces
of metric g. It turns out that the main features of the characteristic surfaces at infinity are determined
by a particular null component of the metric. The asymptotic flatness of the initial data and the wave
coordinate condition (1.4) give good control of this particular component, i.e., ∼ M/r, which in turn
implies that the light cones associated with the metric g diverge only logarithmically ∼ M ln t from
the Minkowski cones.
In [L-R2] we were able to establish the ”small data global existence” result for the Einstein-vacuum
equations in harmonic gauge for special restricted type of initial data. In addition to the standard
constraint compatibility and smallness conditions the initial data was assumed to coincide with the
Schwarzschild data
g0ij = (1 +
M
r
)δij , k0ij = 0
in the complement of the ball of radius one centered at the origin. The existence of such data was
recently demonstrated in [Co], [C-D]. The stability of Minkowski space-time for the Einstein-vacuum
6At this point, it is unclear whether this criteria is sufficient for establishing a ”small data global existence” result for
a general system of quasilinear hyperbolic equations.
7The condition trivially holds for the class of equations satisfying the standard null condition. For more discussion of
the weak null condition and a general intuition behind the proof see Section 2.
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equations for such data of course also follows from the work of Christodoulou-Klainerman and yet
another approach of Friedrich [Fr]. This choice of data allowed us to completely ignore the problem of
the long range effect of the mass and the exterior existence.
In this paper we prove stability of Minkowski space-time for the Einstein-vacuum and the Einstein-
scalar field equations in harmonic gauge for general asymptotically flat initial data (any α > 0 in
(1.5)-(1.6)) close to the data for the Minkowski solution.
The asymptotic behavior of null components of the Riemann curvature tensor Rαβγδ of metric g-
the so called ”peeling estimates”- was discussed in the works of Bondi, Sachs and Penrose and becomes
important in the framework of asymptotically simple space-times (roughly speaking, space-times which
can be conformally compactified), see also the paper of Christodoulou [C2] for further discussion of
such space-times. The work of [C-K] provided very precise, although not entirely consistent with
peeling estimates, analysis of the asymptotic behavior of constructed global solutions. However, global
solutions obtained by Klainerman-Nicolo [K-N1] in the problem of exterior8 stability of Minkowski
space were shown to possess peeling estimates for special initial data, [K-N2].
Our work is less precise about the asymptotic behavior and is focused more on developing a rel-
atively technically simple approach allowing us to prove stability of Minkowski space in a physically
interesting wave coordinate gauge, for general asymptotically flat data, and simultaneously treating
the case of the Einstein equations coupled to a scalar field.
Theorem 1.1. Let (Σ, g0, k0, ψ0, ψ1) be initial data for the Einstein-scalar field equations. Assume
that the initial time slice Σ is diffeomorphic to R3 and admits a global coordinate chart relative to
which the data is close to the initial data for the Minkowski space-time. More precisely, we assume
that the data (g0, k0, ψ0, ψ1) is smooth asymptotically flat in the sense of (1.5)-(1.6) with mass M and
impose the following smallness assumption: Let
g0 = δ + h
0
0 + h
1
0, where h
0
ij0
= χ(r)
M
r
δij
where χ(s) ∈ C∞ is 1 when s ≥ 3/4 and 0 when s ≤ 1/2. Set
EN (0) =
∑
0≤|I|≤N
‖(1 + r)1/2+γ+|I|∇∇Ih10‖L2 + ‖(1 + r)1/2+γ+|I|∇Ik0‖L2(1.9)
+‖(1 + r)1/2+γ+|I|∇∇Iψ0‖L2 + ‖(1 + r)1/2+γ+|I|∇Iψ1‖L2
There is a constant ε0 > 0 such that for all ε ≤ ε0 and initial data verifying the condition
(1.10) EN (0) +M ≤ ε
for some γ > γ0(ε0) with γ0(ε0)→ 0 as ε0 → 0 and N ≥ 6, the Einstein-scalar field equations possess a
future causally geodesically complete solution (g, ψ) asymptotically converging to Minkowski space-time.
More precisely, there exists a global system of coordinates (t, x1, x2, x3) in which the energy
(1.11)
EN (t) =
∑
|I|≤N
‖w1/2∂ZIh1(t, ·)‖L2 + ‖w1/2∂ZIψ(t, ·)‖L2 , w1/2 =
{
(1 + |r − t|)1/2+γ , r > t
1, r ≤ t
8Outside of the domain of dependence of a compact set
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with Minkowski vector fields Z ∈ {∂α, xα∂β − xβ∂α, xα∂α} of the solution
g(t) = m+ h0(t) + h1(t), h0αβ = χ(r/t)χ(r)
M
r
δαβ .
obeys the estimate
(1.12) EN (t) ≤ CNε (1 + t)CNε.
Moreover,
(1.13) |∂ZIh1|+ |∂ZIψ| ≤
{
C ′Nε(1 + t+ r)
−1+CNε(1 + |t− r|)−1−γ , r > t,
C ′Nε(1 + t+ r)
−1+CNε(1 + |t− r|)−1/2, r ≤ t, |I| ≤ N − 2
and
(1.14) |ZIh1|+ |ZIψ| ≤
{
C ′′Nε(1 + t+ r)
−1+CNε(1 + |t− r|)−γ , r ≥ t, |I| ≤ N − 2
C ′′Nε(1 + t+ r)
−1+2CNε, r ≤ t, |I| ≤ N − 3
For |I| = 0 we prove the stronger bound Cεt−1 ln |t| and in fact show that all but one component
of h1, expressed relative to a null frame, can be bounded by Cεt−1. This more precise information is
needed in the proof.
As we will show in a future paper, the decay estimates above are sufficient to prove the peeling
properties of the curvature tensor up to order t−3 along any forward light cone, but peeling properties
of higher order require stronger decay of initial data.
Acknowledgments: The authors would like to thank Sergiu Klainerman for valuable suggestions
and discussions.
2 Strategy of the proof and outline of the paper
2.1 Notations and conventions
Coordinates:
• {xα}α=0,..,3 = (t, x) with t = x0 and x = (x1, x2, x3), r = |x| are the standard space-time
coordinates
• s = r + t, q = r − t are the null coordinates
Derivatives:
• ∇ = (∂1, ∂2, ∂3) denotes spatial derivatives
• ∂ = (∂t,∇) denotes space-time derivatives
• ∂/i denotes spatial angular components of the derivatives ∂i.
• ∂¯ = (∂t + ∂r, ∂/) denotes derivatives tangent to the light cones t− r =constant
• ∂s = 12(∂r + ∂t), ∂q = 12(∂r − ∂t) denote the null derivatives
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Metrics:
• m = −dt2 +∑3i=1(dxi)2 denotes the standard Minkowski metric on R3+1
• g denotes a Lorentzian metric solution of the Einstein equations
• Raising and lowering of indices in this paper is always done with respect to the metric m, i.e.,
for an arbitrary n-tensor Πα1,α2..,αn we define Π
α1
α2,..,αn = m
α1βΠβ,α2,..,αn . The only exception is
made for the tensor gαβ which stands for the inverse of the metric gαβ .
Null frame:
• L = ∂t+∂r denotes the vector field generating the forward Minkowski light cones t−r =constant
• L = ∂t − ∂r denotes the vector field transversal to the light cones t− r =constant
• S1, S2 denotes orthonormal vector fields spanning the tangent space of the spheres t =constant,
r =constant
• The collection T = {L, S1, S2} denotes the frame vector fields tangent to the light cones
• The collection U = {L,L, S1, S2} denotes the full null frame.
Null forms
• Qαβ(∂φ, ∂ψ) = ∂αφ∂βψ − ∂αφ∂αψ, Q0(∂φ, ∂ψ) = mαβ∂φ∂βψ are the standard null forms
Null frame decompositions:
• For an arbitrary vector field X and frame vector U , XU = XαUα, where Xα = mαβXβ .
• For an arbitrary vector field X = Xα∂a = XLL + XLL + XS1S1 + XS2S2, where XL =
−XL/2, XL = −XL/2, XSi = XSi .
• For an arbitrary pair of vector fields X,Y : XαYα = −XLYL/2−XLYL/2 +XS1YS1 +XS2YS2
• Similar identities hold for higher order tensors
Minkowski vector fields {Z} = Z:
• Z = {∂α,Ωαβ = xα∂β − xβ∂α, S = xα∂a}.
• Commutation properties: [, ∂α] = [,Ωαβ ] = 0, [, S] = 2, cZ := [Z,].
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2.2 Strategy of the proof
Our approach to constructing solutions of the Einstein (Einstein-scalar field) equations is to solve the
corresponding system of the reduced Einstein equations (1.3)
˜g gµν = F˜µν(g)(∂g, ∂g) + 2∂µψ ∂νψ,(2.1)
˜gψ = 0
It is well known that any solution (g, ψ) of the full system of Einstein equations, written in wave
coordinates, will satisfy (2.1). The wave coordinate condition can be recast as a requirement that
relative to a coordinate system {xµ}µ=0,...,3 the tensor gµν verifies
(2.2) gαβ∂βgαµ =
1
2
gαβ∂µgαβ .
Conversely, any solution of the system (2.1) with initial data (gµν |t=0, ∂tgµν |t=0) and (ψ|t=0, ∂tψ|t=0)
compatible with (2.2) and constraint equations, gives rise to a solution of the full Einstein system.
In addition, thus constructed tensor gµν will satisfy the wave coordinate condition (2.2) for all times.
Verification of the above statements is straightforward and can be found in e.g. [Wa].
Construction of initial data
The assumptions of the Theorem assert that the initial data (g0ij , k0ij , ψ0, ψ1) verify the global
smallness condition (1.9). We define the initial data (gµν |t=0, ∂tgµν |t=0, ψ|t=0, ∂tψ|t=0) for the system
(2.1) as follows:
gij |t=0 = g0ij , g00|t=0 = −a2, g0i|t=0 = 0, ψ|t=0 = ψ0(2.3)
∂tgij |t=0 = −2ak0ij , ∂tg00|t=0 = 2a3gij0 k0ij , ∂tψ|t=0 = aψ1,(2.4)
∂tg0` = a
2gij0 ∂j g0i` −
1
2
a2gij0 ∂` g0ij − a∂` a.(2.5)
The lapse function a2 = (1−Mχ(r)r−1). The data constructed above is compatible with the constraint
equations and satisfies the wave coordinate condition (2.2). In fact, it simply corresponds to a choice
of a local system of coordinates {xµ}µ=0,...,3 satisfying the wave coordinate condition gxµ = 0 at
x0 = t = 0. This procedure is standard and its slightly simpler version can be found e.g. in [Wa], see
also [L-R2].
The smallness condition EN (0)+M ≤  for the initial data (g0ij , k0ij , ψ0, ψ1) implies the smallness
condition
EN (0) +M ≤ .
for the energy EN (0):
EN (0) =
∑
0≤|I|≤N
‖(1 + r)1/2+γ+|I|∇∇Ih1|t=0‖L2 + ∑
0≤|I|≤N
‖(1 + r)1/2+γ+|I|∇I∂th1|t=0‖L2

+
∑
0≤|I|≤N
(
‖(1 + r)1/2+γ+|I|∇∇Iψ|t=0‖L2 + ‖(1 + r)1/2+γ+|I|∇I∂tψ|t=0‖L2
)
.
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defined for a tensor h1µν which appears in the decomposition
g = m+ h0 + h1, where h0µν = χ(
r
t
)χ(r)
M
r
δµν .
This allows us to reformulate the problem of global stability of Minkowski space as a small data global
existence problem for the system
˜g h
1
µν = Fµν(g)(∂h, ∂h) + 2∂µψ ∂νψ − ˜gh0,(2.6)
˜gψ = 0
with h0µν = χ(r/t)χ(r)
M
r δµν . Arguing as in section 4 of [L-R2] we can show that the tensor gµν(t) =
m + h0µν(t) + h
1
µν(t) obtained by solving (2.6) with initial data given in (2.3)- (2.5) defines a solution
of the Einstein-scalar field equations. Moreover, the wave coordinate condition (2.2) is propagated in
time.
The above discussion leads to the following result:
Theorem 2.1. A global in time solution of (2.6) obeying the energy bound EN (t) ≤ Cε(1+t)δ for some
sufficiently small δ > 0 gives rise to a future causally geodesically complete solution of the Einstein
equations (1.1) converging to the Minkowski space-time.
The proof of the geodesic completeness can be established by arguments identical to those in [L-R2]
and will not be repeated here.
The mass problem
A first glance at the system (2.1) suggests that a natural approach to recast the problem of global
stability of Minkowski space as a small data global existence question for a system of quasilinear wave
equations is to rewrite (2.1) as an equation for the tensor h = g −m:
˜g hµν = Fµν(∂h, ∂h) + 2∂µψ ∂νψ,(2.7)
˜gψ = 0
The initial data for h possess the asymptotic expansion as r →∞:
(2.8) hµν |t=0 = M
r
δµν +O(r
−1−α), ∂thµν |t=0 = O(r−2−α)
for some positive α > 0. While the data appears to be ”small” it does not have sufficient decay rate
in r at infinity due to the presence of the term with positive mass M . This could potentially lead
to a ”long range effect” problem, i.e., the decay of the solution at the time-like infinity t → ∞ is
affected by the slow fall-off at the space-like infinity r → ∞. In the work [C-K] this problem was
resolved (albeit in a different language) by taking advantage of the fact that the long range term is
spherically symmetric and the ADM massM is conserved along the Einstein flow. Thus differentiating
the solution (in [C-K] this means the Weyl field corresponding to the conformally invariant part of the
Riemann curvature tensor of metric g) with respect to properly defined (non-Minkowskian) angular
momentum and time-like vector fields one obtains a new field still approximately satisfying the Einstein
field equations but with considerably better decay properties at space-like infinity. We however pursue
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a different approach by taking an educated ”guess” about the contribution of the long range term
Mδµν/r to the solution. Thus we set
h0µν = χ(
r
t
)χ(r)
M
r
δµν ,
split the tensor h = h1+h0 and write the equation for the new unknown h1. The important cancelation
occurring in a new inhomogeneous term ˜gh
0 is the vanishing of Mr = 0 away from r = 0. The cut-off
function χ(r/t) ensures that the essential contribution of ˜gh
0 comes from the ”good” interior region
1
2 t ≤ r ≤ 34 t - the support of the derivatives of χ(r/t). Finally, observe that in the presence of the term
containing the mass M the tensor h = h0 + h1 has infinite energy EN (0).
The system (2.6) is a system of quasilinear wave equations. The results of [C1], [K2] show that a
sufficient condition for a system of quasilinear wave equations to have global solutions for all smooth
sufficiently small data is the null condition. However quasilinear problems where the metric depends
on the solution, rather than its derivatives, as in the problems arising in elasticity, do not satisfy the
null condition. Moreover, as shown in [CB1, CB2] even the semilinear terms Fµν(∂h, ∂h) violate the
standard null condition.
Connection with the weak null condition
Consider a general system of quasilinear wave equations:
(2.9) φI =
∑
|α|≤|β|≤2, |β|≥1
AJKI,αβ ∂
αφJ ∂
βφK + cubic terms
The weak null condition, introduced in [L-R1] requires that the asymptotic system for ΦI = rφI
corresponding to (2.9):
(2.10) (∂t+∂r)(∂t−∂r)ΦI ∼ r−1
∑
n≤m≤2, m≥1
AJKI,nm(∂t−∂r)nΦJ (∂t−∂r)mΦK ,
has global solutions for all small data. Here, the tensor
AJKI,nm(ω) := (−2)−m−n
∑
|α|=n, |β|=m
AJKI,αβ ωˆ
αωˆβ, ωˆ=(−1, ω), ω∈S2
The standard null condition, which guarantees a small data global existence result for the system
(2.9), is that AJKI,nm(ω) ≡ 0 and clearly is included in the weak null condition, since in that case the
corresponding asymptotic system (2.10) is represented by a linear equation. Asymptotic systems were
introduced by Ho¨rmander, see [H1, H2], as a tool to find the exact blow-up time of solutions of scalar
equations violating the standard null condition with quadratic terms independent of φ, i.e. |α| ≥ 1
in (2.9). This program was completed by Alinhac, see e.g. [A1]. It was observed in [L1] that the
asymptotic systems for quasilinear equations of the form φ =
∑
cαβφ ∂α∂βφ in fact have global
solutions. In other words these equations satisfy the weak null condition. It was therefore conjectured
that these wave equations should have global solutions for small data. This has been so far only proven
for the equation
(2.11) φ = φ∆φ,
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[L1] (radial case), [A3] (general case). Note that the case |α| = |β| = 0, in (2.9) is excluded. The
asymptotic system only predicts the behavior of the solution close to the light cones, and for the case
φ = φ2 the blow-up occurs in the interior and much sooner, see [J2, L3]
The asymptotic system (2.10) is obtained from the system (2.9) by neglecting derivatives tangential
to the outgoing Minkowski light cones and cubic terms, that can be expected to decay faster. In
particular,
φ=r−1(∂t+∂r)(∂t−∂r)(rφ) + angular derivatives,
∂µ = −12 ωˆµ(∂t−∂r) + tangential derivatives
Recall that for solutions of linear wave homogeneous wave equation derivatives tangential to the forward
light cone t = r decay faster: φ=0 implies that |∂φ|≤C/t while |∂¯φ| ≤C/t2.
A simple example of a system satisfying the weak null condition, violating the standard null con-
dition and yet possessing global solutions is
(2.12)
φ1 = φ3 · ∂2φ1 + (∂φ2)2,
φ2 = 0, φ3 = 0.
Another, far less trivial example is provided by the equation (2.11).
The asymptotic system for Einstein’s equations can be modeled by that of (2.12). To see this we
introduce a null-frame {L,L, S1, S2} decomposition of Einstein’s equation. With h=g−m we have
(2.13) ˜ghµν = Fµν(h)(∂h, ∂h) + 2∂µψ ∂ν∂ψ, ˜gψ = 0
where
Fµν(h)(∂h, ∂h) =
1
4
∂µh
α
α∂νh
β
β −
1
2
∂µh
αβ∂νhαβ +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h),
with Qµν - linear combinations of the standard null-forms and Gµν(h)(∂h, ∂h) contains only cubic
terms.
The asymptotic system for the reduced Einstein equations has the following form:
(∂t + ∂r)∂qDµν = HLL∂
2
qDµν − 14r ωˆµωˆν
(
P (∂qD, ∂qD) + 2∂qΦ ∂qΦ
)
, ∂q = ∂t − ∂r(2.14)
(∂t + ∂r)∂qΦ = HLL∂
2
qΦ,(2.15)
Dµν ∼ rhµν , Φ ∼ rψ, Hαβ = gαβ −mαβ , HLL = HαβLαLβ , Lα∂α = ∂t + ∂r
Here
(2.16) P (D,E) =
1
4
D αα E
β
β −
1
2
DαβEαβ .
On the other hand the asymptotic form of the wave coordinate condition (2.2) is
(2.17) ∂qDLT ∼ 0, T ∈ T = {L, S1, S2}
Observe that (2.17) combined with the initial asymptotic expansion (2.8) of the metric g suggests that
asymptotically, as t→∞ and |q| = |t− r| ≤ C,
(2.18) hLα ∼ HLα ∼ M
t
cα, cα =
{
0, α = 0,
xi/|x|, α = i
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Decomposing the system with the help of the null frame {L, S1, S2} = T and L : Lα∂α = ∂r − ∂t and
using that Lµωˆµ = A
µωˆµ = 0, we obtain that
(∂t + ∂r)∂qDLL = HLL∂
2
qDLL − 2r−1P (∂qD, ∂qD)− r−1∂qΦ ∂qΦ(2.19)
(∂t + ∂r)∂qDTU = HLL∂
2
qDTU , T ∈ T = {L, S1, S2}, U ∈ U = {L,L, S1, S2},(2.20)
(∂t + ∂r)∂qΦ = HLL∂
2
qΦ(2.21)
In view of (2.18) the equations (2.20) allows us to find the asymptotic behavior of the components
∂qDTU ∼ const and consequently hTU ∼ t−1. The asymptotic behavior Φ ∼ t−1 can be similarly
determined from (2.21). On the other hand,
P (∂qD, ∂qD) =
1
4
∂qDLL∂qDLL + ∂qDTU · ∂qDTU
It is the the absence of the quadratic term (∂qDLL)
2 and the boundedness of the components ∂qDTU
that allows us to solve the equation (2.19) for DLL although the suggested asymptotic behavior is
different hLL ∼ HLL ∼ t−1 ln t.
It turns out that the asymptotic system indeed correctly predicts the asymptotic behavior of the
tensor gµν = mµν + hµν - solution of the Einstein equations in wave coordinates
Before proceeding to explain the strategy of the proof of our result we review the ingredients of a
proof of a typical small data global existence for quasilinear wave equations in dimensions n ≥ 4 or
equations satisfying the standard null condition. For simplicity we consider a semilinear equation
(2.22) φ = N(∂φ, ∂φ)
with a quadratic nonlinearity N . We first note that almost every small data global existence result
was established under the assumption of compactly supported (or rapidly decaying) data, which by
finite speed of propagation ensures that a solution is supported in the interior of a light cone r = t+C
for some sufficiently large constant C. The proof is based on generalized energy estimates
(2.23) EN (t) ≤ EN (0) +
∑
Z∈Z,|I|≤N
∫ t
0
‖ZIF (τ)‖L2E
1
2
N (τ) dτ
for solutions of an inhomogeneous wave equation φ = F . The generalized energy
EN (t) =
∑
Z∈Z,|I|≤N
‖∂ZIφ(t)‖2L2 ,
with vector fields Z = {∂α,Ωαβ = −xα∂β + xβ∂α, S = xα∂α}, of a solution of (2.22) can be shown to
satisfy the inequality
(2.24) EN (t) ≤ exp
[
C sup
Z∈Z,|I|≤N/2+2
∫ t
0
‖∂ZIφ(τ)‖L∞x
]
EN (0)
The other crucial component is the Klainerman-Sobolev inequality which asserts that for an arbitrary
smooth function ψ
(2.25) |∂ψ(t, x)| ≤ C(1 + t+ r)−n−12 (1 + |q|)− 12 E4(t), r = |x|, q = r − t.
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Combining (2.25) with the energy inequality leads to the proof of the small data global existence result
for a generic semilinear wave equation in dimension n ≥ 4. It also elucidates the difficulty of proving
such a result in dimension n = 3. In fact, as was shown in [J1], the result can be false in dimension
n = 3, e.g., the equation φ = φ2t admits small data solutions with finite time of existence. It is
interesting to note that the corresponding asymptotic system for such equation leads to a Ricatti type
ODE.
In the case when the semilinear terms N(∂φ, ∂φ) obey the standard null condition, i.e., it is a linear
combination of the quadratic null forms Qαβ , Q0, it is possible to refine the energy inequality (2.24) so
that a combination of the energy and Klainerman-Sobolev inequalities still yields a small data global
existence result in dimension n = 3. This can be traced to the following pointwise estimate on a null
form Q:
|Q(∂φ, ∂φ)| ≤ C(1 + t+ r)−1
∑
Z∈Z
|∂φ| |Zφ|
In the absence of the standard null condition in dimension n = 3 the inequalities (2.24)-(2.25) are just
barely insufficient for the desired result. An illuminating example is provided by a semilinear version
of the system (2.12)
φ1 = (∂φ2)
2, φ2 = 0
A combination of (2.24)-(2.25) applied to the vector φ = (φ1, φ2) would incorrectly suggest a possible
finite time blow-up. This analysis however reflects the following phenomena: small data solutions
of the system above have a polynomially growing energy EN (T ) ∼ tδ and the asymptotic behavior
∂φ(t) ∼ t−1 ln t. Of course the small data global existence result in this case by applying (2.23)-
(2.25) separately to each of the components of φ = (φ1, φ2). Recall however that the system (2.12)
models the Einstein equations only after the latter is decomposed relative to its null frame components
hLL, hL.L..... Such decompositions do not commute with the wave equation and thus prevent one from
deriving separate energy estimates for each of the null components of h. In this paper we are able
to solve this problem by adding another ingredient: an ”independent” decay estimate. The discussion
below will be focused on the tensor h1 = g−m−h0 obtained from the original metric g by subtracting
its ”Schwarzschild part”. We reluctantly allow for the fact that the energy EN (t) of the tensor h
1
might be growing with the rate of ε2tδ as t → ∞ for some small constant δ > 0 dependent on the
smallness of the initial data. The Klainerman-Sobolev inequality (2.25) would then imply that
(2.26) sup
Z∈Z,|I|≤N−3
|∂ZIh1(t, x)| ≤ Cε(1 + t+ r)−1+δ(1 + |q|)− 12
In order to close the argument, i.e., verify that the energy EN (t) indeed grows at the rate of at most
ε2tδ we must, according to (2.24), upgrade the decay estimates (2.26) to the decay rate of εt−1. To
do that we invoke the asymptotic system (2.14)-(2.15). It turns out that merely assuming that the
energy EN (t) ≤ ε(1 + t)δ and consequently (2.26) allows us to show that the asymptotic system
provides an effective approximation of the full nonlinear system, i.e., the discarded terms containing
tangential derivatives do not influence the asymptotic behavior of the field h1. The crucial property of
the asymptotic system (2.14)-(2.15) is that, as opposed to the full nonlinear equation, it does commute
with the null frame decomposition of h thus leading to the system (2.19)-(2.21). Once the validity
of the asymptotic system is established the asymptotic behavior of its solutions provides a new decay
estimate and, as we described above, shows that for T = {L, S1, S2}, U = {L,L, S1, S2}
|∂h|T U ≤ Cεt−1, |∂h|LL ≤ Cεt−1 ln t, |∂ψ| ≤ Cεt−1
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The decay rate of εt−1 ln t can be potentially disastrous since (2.24) would imply that the energy
EN (t) could grow at the super-polynomial rate of ε
2 exp[Cε ln2 t]. However the remarkable structure
of the Einstein equations comes to the rescue. The analysis of the semilinear terms Fµν(∂h, ∂h) in the
equation
˜gh
1
µν = Fµν(∂h, ∂h)− ˜gh0µν + 2∂µψ ∂νψ
shows that the sharp t−1 decay is only required for the ∂hT U components in order for the energy
estimate EN (t) ≤ Cε2tδ to hold. A glimpse of this structure has already appeared in our discussion of
the weak null condition. Recall that
Fµν(∂h, ∂h) = P (∂µh, ∂νh) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h).
The cubic term G and the quadratic form Q satisfying the standard null condition are consistent with
the uniform boundedness of the energy EN (t) and thus irrelevant for this discussion. The quadratic
form P (∂µh, ∂νh) can be decomposed relative to the null frame and obeys the following estimate
|P (∂µh, ∂νh)| ≤ |∂h|T U |∂h|UU ,
i.e., the most dangerous term |∂h|2LL, which would lead to the damaging estimate
E0(t) ≤ exp[C
∫ t
0
|∂h(τ)|LL]E0(0),
is absent!
The picture painted above is clearly somewhat simplified: we have only indicated the argument
implying that the lowest order energy E0(t) ≤ Cε2tδ and we have not even begun to address the effect
of the quasilinear terms. In what follows we describe the building blocks of our result and explain
challenges of the quasilinear structure.
Energy inequality with weights
(2.27)
∫
ΣT
|∂φ|2w +
∫ T
0
∫
Σt
|∂¯φ|2w′ ≤ 8
∫
Σ0
|∂φ|2w + Cε
∫ T
0
∫
Σt
|∂φ|2w
1+t
+ 16
∫ T
0
∫
Σt
|˜gφ||∂tφ|w,
where ∂¯ denotes derivatives tangential to the outgoing Minkowski light cones q = r − t. The weight
function
w(q) =
{
1 + (1 + |q|)1+2γ , q ≥ 0
1 + (1 + |q|)−2µ, q < 0
with µ ≥ 0, γ ≥ −1/2 serves a double purpose: it generates an additional positive space-time integral
giving an a priori control of the tangential derivatives ∂¯φ (we mention in passing that the use of such
space-time norms leads to a very simple proof of the small data global existence result for semilinear
equations φ = Q(∂φ, ∂φ) satisfying the standard null condition. To our knowledge this argument
has not appeared in the literature before), it provides the means to establish additional decay in q via
the Klainerman-Sobolev inequality. The energy estimate (2.27) is established under very weak general
assumptions on the background metric gαβ = mαβ +Hαβ , e.g.,
|∂H| ≤ Cε(1 + t)− 12 (1 + |q|)− 12 (1 + q−)−µ, q− = |min(q, 0)|,
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which are consistent with our expectations that if the energy EN (t) ≤ ε2(1 + t)δ then the tensor h
and consequently H = −h + O(h2) decay with a rate of at least t−1+δ. However, as is the case with
virtually every estimate in this paper, special stronger conditions are required for the HLL component
of the metric:
|∂H|LL ≤ Cε(1 + t)−1(1 + |q|)−1.
Once again we note that such decay is consistent with the behavior predicted by the asymptotic
system for the Einstein equations, yet even better control for this component is provided by the wave
coordinate condition, which we will turn to momentarily.
The interior estimate (2.27), i.e., with w(q) ≡ 0 for q ≥ 0, in the constant coefficient case basically
follows by averaging the energy estimates on light cones used e.g. in [S]. We also note that the
interior energy estimates with space-time quantities involving special derivatives of a solution were
also considered and used in the work of Alinhac, see e.g. [A2], [A3]). In [L-R2] we proved the interior
estimate (2.27) under natural assumptions on the metric g following in particular from the wave
coordinate condition. The use of the weights w(q) in the exterior q ≥ 0 in energy estimates for the
space part
∫
ΣT
|∂φ|2w originates in [K-N2].
Motivated by the energy inequality (2.27) we define the energy EN (t) associated with the tensor
h1µν = gµν −mµν − h0µν , h0µν = χ(
r
t
)χ(r)
M
r
δµν ,
solution of the reduced Einstein equations ˜gh
1
µν = Fµν − ˜gh0 + ∂µψ ∂νψ and a collection Z =
{∂α,Ωαβ = −xα∂β + xβ∂α, S = xα∂α} of commuting Minkowski vector fields, as follows:
EN (t) =
∑
Z∈Z,|I|≤N
(
‖w 12 ∂ZIh1(t, ·)‖2L2 + ‖w
1
2 ∂ZIψ(t, ·)‖2L2
)
The Klainerman-Sobolev inequalities with weights
w1/2
(|∂ZIh1(t, x)|+ |∂ZIψ(t, x)|) ≤ CEN (t)
(1+t+r)(1+|q|)1/2 , |I| ≤ N − 2
is the fundamental tool allowing us to derive first preliminary, sometimes referred to as weak, decay
estimates.
Decay estimate
The following decay estimate
(2.28) $(q)(1+t)|∂φ(t, x)|.
∫ t
0
(1+τ)‖$˜gφ(τ, ·)‖L∞dτ +
∑
|I|≤2
∫ t
0
‖$ZIφ(τ, ·)‖L∞ dτ
1+τ
is the additional ”independent” estimate designed to boost the weak decay estimates derived via the
Klainerman-Sobolev inequality. The weight function
$(q) =
{
1 + (1 + |q|)1+γ′ , q ≥ 0
1 + (1 + |q|) 12−µ′ , q < 0
with γ′ ≥ −1, µ′ ≤ 1/2 is chosen in harmony with the weight function w(q) of the energy estimates.
The unweighted version of this estimate was used in [L1] in the constant coefficient case. We generalize
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this estimate to the variable coefficient operator ˜g = g
αβ∂α∂β under very weak general assumptions
on the metric gαβ = mαβ +Hαβ , e.g.,∫ t
0
‖H(τ, ·)‖L∞ dτ
1 + τ
≤ ε.
However, once again the HLT components are required to obey the stronger condition
|∂H|LT ≤ Cε(1 + t)−1(1 + |q|)−1
The estimate above is closely connected with the asymptotic equation in the sense that it is obtained
by treating the angular derivatives as lower order and integrating the equation
(∂t+∂r)∂q(rφ) = rφ+
1
r4ωφ
An important virtue of (2.28) is that when applied to systems ˜gφµν = Fµν it can be derived for each
null component of φ. This property is indispensable in view of the fact that the weak null condition
for the system of reduced Einstein equations becomes transparent only after decomposing the tensor
hµν relative to a null frame {L,L,A,B}. In particular, (2.28) will lead to the estimates
|∂ψ|+ |∂h|T U ≤ Cε(1 + t+ |q|)−1, |∂h| ≤ Cε(1 + t)−1 ln(1 + t).
Commutators
As was mentioned above the combination: ”energy estimate - Klainerman-Sobolev inequality-
decay estimate”, results in sharp decay estimates for the first derivatives of the tensor h1 and merely
polynomial growth of the energy E0(t). However, both the Klainerman-Sobolev and the additional
decay estimate require control of the higher energy norms EN (t) involving the collection Z of Minkowski
vector fields. To obtain that control one needs to commute vector fields Z ∈ Z through the equation
˜gh
1 = F − ˜gh0 and reapply the energy estimate (2.27). This is by far the most difficult task in
dealing with quasilinear equations. The collection Z enjoys good commutation properties with the wave
operator  of Minkowski space: [Z,] = −cZ, where cZ = 2 for Z = S and is zero otherwise, however
its commutator with the wave operator ˜g can create undesirable terms. It is exactly for this reason
that both in the work [C-K] on stability of Minkowski space and [A3] on small data global existence for
the equation φ = φ∆φ a different collection of geometrically modified vector fields Z was used. The
new vector fields are adapted to the true characteristic surfaces of the metric g (this originates and is
especially manifest in the beautiful construction of [C-K]) and better suited for commuting through
˜g, this construction however adds another complicated layer to the proof.
In this work we employ the collection Z of original Minkowski vector fields and argue that the bad
commutation properties of Z with ˜g can be improved if one takes into account the wave coordinate
condition
(2.29) ∂µ
(
gµν
√
| det g|
)
= 0
satisfied by the metric g in a coordinate system {xµ}µ=0,...,3. To explain this phenomenon consider the
commutator [Z, ˜g] with one of the Minkowski vector fields Z ∈ Z. For simplicity assume that Z 6= S
so that [Z,] = 0. Then
[Z, ˜g] = [Z,H
αβ∂α∂β] =
(
ZHαβ +HαβZ
)
∂α∂β, H
αβ
Z := H
αγc βγ +H
γβc αγ
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and the coefficients c βα = ∂αZ
β . It turns out that since Z is either Killing or conformally Killing vector
field (Z = S) vector field of Minkowski space the coefficients c βα have the property that c
L
L = 0., which
implies that |HLLZ | ≤ |H|LT . In accordance with the usual arguments the worst term generated by
the commutator [Z, ˜g] contains two derivatives ∂
2
q transversal to the light cones q = r − t and any
modification to the vector fields Z targets to eliminate such a term. In our case this term comes with
a coefficient (ZHLL +H
LL
Z ) and thus can be estimated by
|ZH|LL + |H|LT
1 + |q| |∂Zh
1|.
Examining the equation
˜gZh
1 = [˜g, Z]h
1 + ZF − Z˜gh0 + Z(∂ψ ∂ψ)
it is not too difficult to see that in order to control (i.e. establish a polynomial bound) the energy
E1(t) one needs to at least show that
|ZH|LL + |H|LT ≤ Cε(1 + t)−1(1 + |q|)
To explain the difficulty of such estimate we note that in the region |q| ≤ C this estimate is saturated by
the Schwarzschild part χ(r/t)χ(r)Mδµν/r of H. While the desired estimate for HLT can be obtained
from the sharp decay estimates on the first derivatives of h1, the estimate for ZHLL is a much more
subtle issue. An attempt to return to the asymptotic system for the Einstein equations or alternatively
the decay estimate (2.28) and show that ZHLL still satisfies the sharp decay estimate requires once
again a commutator argument, this time in the context of the decay estimates, and fails. In fact, we
can only show that the higher Z derivatives of h1 decay at the rate of Cε(1 + t)−1+Cε. It is at this
point that we recall that the tensor gαβ = mαβ + Hαβ verifies the wave coordinate condition (2.29)
which after simple manipulations imply that
(2.30) ∂qHLT = ∂¯H +O(H · ∂H)
Here ∂¯ stands for a tangential derivative, which in particular means that |∂¯H| ≤ (1 + t)−1|ZH|. Thus
if we expect H and its higher Z derivatives to decay with the rate t−1+δ consistent with the tδ energy
growth and the Klainerman-Sobolev inequality we can conclude that ∂qHLT will decay with the rate
of at least t−2+δ. Integrating with respect to the q = r− t variable from the initial data at t = 0 we can
get the desired rate of decay for HLT . We should note that in order to exploit the additional decay in
t we need to keep track and use the decay in |q|. This, in particular directly applies to the integration
described above. The necessity of utilizing the decay in q explains our desire to work with weighted
energy and decay estimates. Amazingly (2.30) is preserved after commuting with a Z vector field, but
only for the HLL component, i.e.,
∂qZHLL = ∂¯ZH + ZO(H · ∂H).
Moreover, further commutations would destroy this precise structure. Luckily, the control of higher
energies Ek(t) still only requires the estimate
|ZH|LL + |H|LT ≤ Cε(1 + t)−1(1 + |q|),
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since the principal term in the commutator [ZI , ˜g] is still (ZH
LL + H
LL
Z )∂
2
qZ
I . We should also
mention that from the point of view of the energy estimates the commutator [ZI , ˜g]h
1 contains
another dangerous term:
ZIHLL∂
2
qh
1.
Since most of the Z derivatives fall on the fist factor one is forced to take it in the energy norm and use
the decay estimates for ∂2qh
1. Note the two essential problems: the term ZIHLL does not contain a
derivative ∂, which is required in order to identify with the energy norm, the decay of ∂2qh
1 falls short
of the needed decay rate of t−1. We resolve these problems as follows. First, a Hardy type inequality
allows to convert a weighted L2 norm of ZIHLL into a weighted L
2 norm of its derivatives. We then
use the wave coordinate condition, which even after commutation of ZI preserves some of its strength:
|∂ZI |LT ≤
∑
|J |≤|I|
|∂¯ZIH|+
∑
|J |<|I|
|∂ZJH|+ ZIO(H · ∂H)
The crucial fact here is that the principal term ∂¯ZIH contains tangential derivatives ∂¯ and thus can
be compared to the positive space-time integral on the left hand-side of the energy inequality (2.27),
which in this case will be ∫ t
0
∫
Στ
|∂¯ZIh1|2w′,
which means that we no longer have to be concerned about the decay of ∂2qh
1 in t but rather trade it
for the decay in q, also needed in the Hardy type inequality, which we always have in abundance.
Scalar field
The scalar field ψ satisfies the wave equation ˜gψ = 0 and contributes the quadratic term of the
form ∂µψ ∂νψ to the right hand side of the equation for the tensor hµν . Its asymptotic behavior is
determined by the decay rate |∂ψ| ≤ C(1 + t+ |q|)−1. All of these properties indicate that ψ is very
similar to the “good” components hT U of the tensor h. The only substantial difference, which in fact
works to the advantage of ψ, is that unlike hT U function ψ satisfies its own wave equation and thus
admits its own independent energy estimates. This discussion indicates that in the problem of stability
of Minkowski space in harmonic gauge, coupling the scalar field to the Einstein equations does not lead
to fundamental changes in the structure of the equations and requires only superficial modification of
our analysis in the vacuum problem. As a consequence, starting from Section 9, the proof will be given
only for the vacuum case with ψ ≡ 0.
We conclude this section by giving the plan of the paper. For the sake of simplicity and clarity of
the exposition we will only deal with the case of a vanishing scalar field. The generalization to the case
of non-vanishing scalar field is at each point immediate. Theorem 1.1 for the case of vanishing scalar
field is stated in section 9, where the actual proof of the theorem starts.
In Section 3 we write the Einstein equations as a system of quasilinear wave equations for the
tensor hµν = gµν −mµν relative to a system of wave coordinates {xµ}µ=0,...,3.
In Section 4 we define the Minkowski null frame {L,L, S1, S2} and describe null frame decomposi-
tions. We estimate relevant tensorial quantities, including the ˜g and the quadratic form P appearing
on the right hand side of the reduced Einstein equations, in terms of their null decompositions.
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Section 5 introduces the collection of Minkowski vector fields Z and records relations between the
standard derivatives ∂ and vector fields Z. It contains an important proposition giving the estimate
for the commutator between ˜g and the powers Z
I . More details are contained in the Appendix A.
In Section 6 we derive our basic weighted energy estimate.
Section 7 deals with the decay estimates for solutions of an inhomogeneous wave equation ˜gφ =
F . The key result is contained in Corollary 7.2.
In Section 8 we discuss the wave coordinate condition. In particular, we state the estimates for
the HLL and HLT components of the tensor H
αβ = gαβ − mαβ and its Z derivatives. Some of the
details are provided in Appendix D.
Sections 9-11 contain the statement and the proof of the small data global existence result for
the system of reduced Einstein equations.
In section 9 we state our main result and set up our inductive argument. We assume that the
energy EN (t) of the tensor h1µν = hµν − h0µν obeys the estimate EN (t) ≤ Cε2(1 + t)δ and on its basis
derive the weak decay estimates for h and h1 and estimate the inhomogeneous terms Fµν , F
0
µν = ˜gh
0
µν
appearing on the right hand side of the equation for h1. The weak decay estimates are obtained by
means of the Klainerman-Sobolev inequality proved in Appendix C.
In section 10 we use the decay estimates derived in section 7 to upgrade the weak decay estimate
of section 9.
Section 11 uses the energy estimate of section 6 to verify the inductive assumption on the energy
EN (t). The results of section 11.3 heavily rely on Hardy type inequalities established in Appendix B.
3 The Einstein equations in wave coordinates
For a Lorentzian metric g and a system of coordinates {xµ}µ=0,..,3 we denote
(3.1) Γ λµ ν =
1
2
gλδ
(
∂µgδν + ∂νgδµ − ∂δgµν
)
,
the Christoffel symbols of g with respect to {xµ}. We recall that
(3.2) R λµ νδ = ∂δΓ
λ
µ ν − ∂νΓ λµ δ + Γ λρ δΓ ρµ ν − Γ λρ νΓ ρµ δ
is the Riemann curvature tensor of g and Rµν = R
α
µ να is the Ricci tensor.
We assume that the metric g together with a field ψ is a solution of the Einstein-scalar field
equations
(3.3) Rµν = ∂µψ ∂νψ.
A system of coordinates {xµ} is called the wave coordinates iff the Cristoffel symbols Γ verify the
condition:
(3.4) gαβ Γ λα β = 0, ∀λ = 0, .., 3
Each of the following three equations is equivalent to (3.4), which we will refer to as the wave coordinate
condition,
(3.5) ∂α(g
αβ
√
|g|) = 0, gαβ∂αgβµ = 1
2
gαβ∂µgαβ , ∂αg
αν =
1
2
gαβg
νµ∂µg
αβ
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The covariant wave operator g in wave coordinates, in view of (3.5), coincides with the reduced wave
operator ˜g = g
αβ∂2αβ,
(3.6) ˜g = g =
1√|g|∂αgαβ√|g|∂β
Define a 2-tensor h according to the decomposition
gµν = mµν + hµν ,
where m is the standard Minkowski metric on R3+1. Let mµν be the inverse of mµν . Then for small h
Hµν := gµν −mµν = −hµν +Oµν(h2), where hµν = mµµ′mνν′hµ′ν′
and Oµν(h2) vanishes to second order at h = 0. Recall that according to our conventions the indices
of tensors hµν , H
µν are raised/lowered with respect to the metric m. The following proposition was
established in the vacuum case in [L-R1] and amounts to a rather tedious calculation.
Proposition 3.1. Let (g, ψ) be a solution of the Einstein-scalar field equations then relative to the
wave coordinates the tensor h and ψ solve a system of wave equations
(3.7) ˜ghµν = Fµν(h)(∂h, ∂h) + 2∂µψ ∂νψ, ˜gψ = 0
The inhomogeneous term Fµν has the following structure:
Fµν(h)(∂h, ∂h) = P (∂µh, ∂νh) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h)(3.8)
P (∂µh, ∂νh) =
1
4
mαα
′
∂µhαα′ m
ββ′∂νhββ′ − 1
2
mαα
′
mββ
′
∂µhαβ ∂νhα′β′ ,(3.9)
quadratic form Qµν(U, V ) for each (µ, ν) is a linear combination of the standard null formsm
αβ∂αU∂βV
and ∂αU∂βV − ∂βU∂αV and Gµν(h)(∂h, ∂h) is a quadratic form in ∂h with coefficients smoothly
dependent on h and vanishing for h = 0: Gµν(0)(∂h, ∂h) = 0, i,e., G is a cubic term.
Observe that the quadratic terms in (3.9) do not satisfy the classical null condition. However the
trace trh = mµνhµν satisfies a nonlinear wave equation with semilinear terms obeying the the null
condition:
gαβ∂α∂βm
µνhµν = Q(∂h, ∂h) +G(h)(∂h, ∂h) +Q(∂ψ, ∂ψ).
4 The null-frame
At each point (t, x) we introduce a pair of null vectors (L,L)
L0 = 1, Li = xi/|x|, i = 1, 2, 3, and L0 = 1, Li = −xi/|x|, i = 1, 2, 3.
Let S1 and S2 be two othonormal smooth tangent vectors fields to the sphere S
2. S1, S2 are then
orthogonal to the normal ω = x/|x| to S2 and (L,L, S1, S2) form a nullframe.
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Remark 4.1. The null frame described above is defined only locally. Replacing orthonormal vector
fields S1, S2 with the projections
(4.1) ∂/i= ∂i − ωiωj∂j , ω =
x
|x|
of the standard coordinate vector fields ∂i would define a global frame. Set ∂¯0=L
α∂α and ∂¯i = ∂/i, for
i = 1, 2, 3. Then {∂¯0, ..., ∂¯3} span the tangent space of the forward light cone.
We raise and lower indices with respect to the Minkowski metric; Xα = mαβX
β . For a vector
field/one form X we define its components relative to a null frame according to
Xα = XLLα +XLLα +XAAα, Xα = X
LLα +X
LLα +X
AAα.
Here and in what follows A,B,C.. denotes any of the vectors S1, S2, and we used the summation
convention;
XAAα = XS1Sα1 +X
S2Sα2
The components can be calculated using the following formulas
XL = −1
2
XL, X
L = −1
2
XL, X
A = XA,
where
XY = XαY
α.
Similarly for a two form pi and two vector fields X and Y we define
piXY = piαβX
αY β .
The Minkowski metric m has the following form relative to a null frame
mLL = mLL = mLA = mLA = 0, mLL = mLL = −2, mAB = δAB,
i.e. mαβX
αY β = −2(XLY L + XLY L) + δABXAY B, where δABXAY B = XS1Y S1 + XS2Y S2 . The
inverse of the metric has the form
mLL = mLL = mLA = mLA = 0, mLL = mLL = −1/2, mAB = δAB
We also define the tangential trace
(4.2) tr k = δABkAB,
and record the identity
piαβ∂α = pi
LβL+ piLβL+ piAβA = −1
2
pi βL L−
1
2
pi βL L+ pi
β
A A.
We introduce the following notation. Let T = {L, S1, S2}, U = {L,L, S1, S2}, L = {L} and
S = {S1, S2}. For any two of these families V and W and an arbitrary two-tensor p we define
|p|VW =
∑
V ∈V,W∈W,
|pβγV βW γ |,(4.3)
|∂p|VW =
∑
U∈U ,V ∈V,W∈W,
|(∂αpβγ)UαV βW γ |,(4.4)
|∂p|VW =
∑
T∈T ,V ∈V,W∈W,
|(∂αpβγ)TαV βW γ |(4.5)
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Note that the contractions with the frame is outside the differentiation so they are not differentiated.
Let Q be one of the null quadratic form, i.e. Qαβ(∂φ, ∂ψ) = ∂αφ∂βψ − ∂βφ∂αψ if α 6= β and
Q0(∂φ, ∂ψ) = m
αβ∂αφ∂βψ. Motivated by (3.9) we define the quadratic form P
(4.6) P (pi, θ) =
1
2
mαα
′
mββ
′
piαβθα′β′ − 1
4
mαβmα
′β′piαβθα′β′
The proof of the following result is a simple exercise and we leave it to the reader.
Lemma 4.2. For an arbitrary 2-tensor pi and a scalar function φ
|piαβ∂αφ∂βφ| .
(|pi|LL|∂φ|2 + |pi| |∂¯φ||∂φ|),(4.7)
|Lαpiαβ∂βφ| .
(|pi|LL|∂φ|+ |pi| |∂¯φ|),(4.8)
|(∂αpiαβ)∂βφ| .
(|∂pi|LL + |∂pi|) |∂φ|+ |∂pi| |∂φ|(4.9)
|piαβ∂α∂βφ| .
(|pi|LL|∂2φ|+ |pi| |∂¯∂φ|)(4.10)
For the quadratic form P defined in (4.6) and a null form Q
|P (pi, θ)| . |pi |T U |θ|T U + |pi |LL|θ|+ |pi | |θ|LL,(4.11)
|Q(∂φ, ∂ψ)| . |∂φ||∂φ|+ |∂φ||∂ψ|(4.12)
For a function φ, |∂¯φ| =∑3α=0 |∂¯αφ|, where ∂¯α the tangential derivatives defined after (4.1), is equiv-
alent to
∑
T∈T |Tα∂αφ|. However |∂¯2φ| =
∑3
α,β=0 |∂¯α∂¯βφ| is not equivalent to
∑
S, T∈T |TαSβ∂α∂βφ|,
the difference is of order |∂φ|/r which is a main term. Furthermore |∂¯2φ| need not even be equivalent
to
∑
S,T∈T |Tα∂α(Sβ∂βφ)|, the difference is however bounded by |∂¯φ|/r which is a lower order term.
Lemma 4.3. For an arbitrary symmetric 2-tensor piαβ and a function φ
(4.13)
∣∣piαβ∂α∂βφ− piLL∂2qφ− 2piLL∂s∂qφ− r−1 trpi ∂qφ∣∣ . |pi|LT |∂¯∂φ|+ |pi| (|∂¯2φ|+ r−1|∂¯φ|).
Proof. Using that ∂q, ∂s derivatives commute with the frame {L,L, S1, S2} we obtain that
piαβ∂α∂βφ− piLL∂2qφ− 2piLL∂s∂qφ = piLL∂2sφ+ 2piLA∂s(Ai∂iφ)− piLALαAi∂i∂αφ+ piABAiBj∂i∂jφ
Furthemore,
piABA
iBj∂i∂j φ = piABA
i∂i(B
j∂j φ)− piAB(Ai∂iBj)∂j φ
Decomposing with respect to the null frame we obtain
(Ai∂iB
j)∂j = (A
i∂iB)
LL+ (Ai∂iB)
L L+ (Ai∂iB)
CC
Note that |Ai∂iBj | ≤ Cr−1, since Bj are smooth functions of ω = x/|x| ∈ S2. Now, since Bjωj = 0;
2(Ai∂iB)
L = −(Ai∂iBj)ωj = AiBj∂i ωj = AiBj 1
r
(δij − ωi ωj) = 1
r
δij A
iBj =
1
r
δAB
is precisely the null second fundamental form of the outgoing null cone t− r =const. The lemma now
follows since as pointed out before the lemma∑
S, T∈T
|Tα∂α(Sβ∂βφ)| ≤ C
(|∂¯2φ|+ r−1|∂¯φ|).
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Corollary 4.4. Let φ be a solution of the reduced wave equation ˜gφ = F with a metric g such that
Hαβ = gαβ −mαβ satisfies the condition that |HLL| < 14 . Then
(4.14)∣∣∣(4∂s−HLL
2gLL
∂q−
trH +HLL
2gLL r
)
∂q(rφ)+
rF
2gLL
∣∣∣ . r|4ωφ|+|H|LT (r |∂¯∂φ|+ |∂φ|)+|H| (r |∂¯2φ|+|∂¯φ|+r−1|φ|)
where 4ω = 4¯ = δij ∂¯i∂¯j.
Proof. Define the new metric
g˜αβ =
gαβ
−2gLL .
The equation gαβ∂α∂βφ = F then takes the form
g˜αβ∂α∂βφ =
F
−2gLL ,
which also can be written as
φ+ (g˜αβ −mαβ)∂α∂βφ = F−2gLL
Let piαβ be the tensor piαβ = (g˜αβ −mαβ) Observe that
piαβ = (−2gLL)−1(gαβ + 2mαβgLL) = (−2gLL)−1(Hαβ +mαβ(2gLL + 1))
= (−2gLL)−1(Hαβ + 2mαβHLL)
Thus,
(4.15) piLL = 0, piLT = (−2gLL)−1HLT , trpi = (−2gLL)−1
(
trH +HLL
)
Moreover, |pi| . |H|, since gLL = HLL − 12 and by the assumptions of the Corollary |HLL| < 14 .
Now using (4.13) of Lemma 4.3, with the condition that piLL = 0, together with the decomposition
φ = −∂2t φ+4φ =
1
r
(∂t + ∂r)(∂r − ∂t)rφ+4ωφ = 4
r
∂s∂qrφ+4ωφ.
we find that the identity φ+ piαβ∂α∂βφ = (−2gLL)−1F leads to the inequality∣∣4∂s∂qrφ+ rpiLL∂2qφ+ trpi ∂qφ+ (2gLL)−1rF ∣∣ . r|4ωφ|+ r|pi|LT |∂¯∂φ|+ |pi| (r |∂¯2φ|+ |∂¯φ|)
Finally, identity (4.15) and a crude estimate |pi| . |H| yield the desired result.
5 Vector fields
The family of vector fields
Z = {∂α,Ωαβ = −xα∂β + xβ∂α, S = t∂t + r∂r}
plays a special role in the study of the wave equation in Minkowski space-time. We denote the above
vector fields by Zι with an 11-dimensional integer index ι = (0, ...1, .., 0). Let I = (ι1, ..., ιk), where
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|ιi| = 1, be a multi-index of length |I| = k and let ZI = Zι1 · · ·Zιk denote a product of k vector fields
from the family Z. By a sum I1 + I2 = I we mean a sum over all possible order preserving partitions
of the multi-index I into two multi-indices I1 and I2, i.e., if I = (ι1, ..., ιk), then I1 = (ιi1 , ..., ιin) and
I2 = (ιin+1 , ..., ιik), where i1, ..., ik is any reordering of the integers 1, ..., k such that i1 < ... < in and
in+1 < ... < ik. With this convention Leibnitz rule becomes Z
I(fg) =
∑
I1+I2=I
(ZI1f)(ZI2g).
We recall that the family Z possesses special commutation properties Z: for any vector field Z ∈ Z
[Z,] = −cZ,
where the constant cZ is only different from zero in the case of the scaling vector field cS = 2. We also
record the following expressions for the coordinate vector fields:
∂t =
tS − xiΩ0i
t2 − r2 ,(5.1)
∂r = ω
i∂i =
tωiΩ0i − rS
t2 − r2 ,(5.2)
∂i =
−xjΩij + tΩ0i − xiS
t2 − r2 = −
xiS
t2 − r2 +
xix
jΩ0j
t(t2 − r2) +
Ω0i
t
(5.3)
In particular,
(5.4) ∂¯0 = ∂s =
1
2
(
∂t + ∂r
)
=
S + ωiΩ0i
2(t+ r)
, ∂¯i = ∂i − ωi∂r = ω
jΩij
r
=
−ωiωjΩ0j +Ω0i
t
.
Recall that ∂¯ denotes the tangential derivatives, i.e., Span{∂¯0, ∂¯1, ∂¯2, ∂¯3} = Span{∂s, S1, S2}.
Lemma 5.1. For any function φ and a symmetric 2-tensor pi
(1 + t+ |q|)|∂¯φ|+ (1 + |q|)|∂φ| . C
∑
|I|=1
|ZIφ|,(5.5)
|∂¯2φ|+ r−1|∂¯φ| . C
r
∑
|I|≤2
|ZIφ|
1 + t+ |q| , where |∂¯
2φ|2 =
∑
α,β=0,1,2,3
|∂¯α∂¯βφ|2,(5.6)
|piαβ∂α∂βφ| ≤ C
( |pi|
1 + t+ |q| +
|pi|LL
1 + |q|
) ∑
|I|≤1
|∂ZIφ|(5.7)
Proof. First we note that if r + t ≤ 1 then (5.5) holds since the standard derivatives ∂α are included
in the sum on the right. The inequality for |∂¯φ| in (5.5) follows directly from (5.4). The inequality for
|∂f | in (5.5) follows from (5.1) and the first identity in (5.3).
The proof of (5.6) follows immediately from (5.4) and the inequality |∂iωj | ≤ Cr−1. The inequality
(5.7) follows from Lemma 4.3, (5.5) and the commutator identity [Z, ∂i] = c
α
i ∂α, which holds with
constants cαi .
Next we state the result following from the above lemma and Corollary 4.4.
Lemma 5.2. Let φ be a solution of the equation ˜gφ = F with g
αβ = mαβ +Hαβ. Then
(5.8)
∣∣∣(4∂s − HLL
2gLL
∂q −
trH +HLL
2gLL r
)
∂q(rφ) +
rF
2gLL
∣∣∣ . (1 + r |H|LT
1 + |q| + |H|
)
r−1
∑
|I|≤2
|ZIφ|
24
Proof. By Corollary 4.4
∣∣∣(4∂s − HLL
2gLL
∂q −
trH +HLL
2gLL r
)
∂q(rφ) +
rF
2gLL
∣∣∣
. r|4ωφ|+ |H|LT
(
r|∂¯∂φ|+ |∂φ|)+ |H| (r |∂¯2φ|+ |∂¯φ|+ r−1|φ|)
where 4ω = δij ∂¯i∂¯j . Here all the the derivatives can be reexpressed in terms of the vector fields Z and
∂q using 5.1, yielding the expression (5.8). Note that
|∂¯∂φ| .
∑
|I|=1 |ZI∂φ|
1 + t+ |q| .
∑
|I|≤1 |∂ZIφ|
1 + t+ |q| .
∑
|I|≤2 |ZIφ|
(1 + |q|)(1 + t+ |q|) .
The last result of this section records an important statement concerning commutation between
the reduced wave operator ˜g and the family of Minkowski vector fields Z. As we already explained
in Section 2 our small data data global existence result for the system of reduced Einstein equations
˜gh
1 = F − ˜gh0 is based on controlling the energy and pointwise norms of the quantities ZIh1 with
vector fields Z ∈ Z - the family of Minkowski vector fields. The above control is achieved via the
energy and decay estimates for solutions of the inhomogeneous wave equation
˜gZ
Ih1 = ZˆI˜gh
1 − ˜gZIh1 + ZˆIF − ZˆI˜gh0, Zˆ = Z + cZ
and therefore requires good estimates on the commutator ZˆI˜g−˜gZI . To underscore the importance
of this commutator we recall that the only two known examples of quasilinear hyperbolic systems, with
the metric dependent on the solution rather than its derivatives, possessing small data global solutions
required the use ofmodified vector fields primarily due to the lack of good estimates for the commutator,
[A3], [C-K]. The proof of the proposition below together with other commutator related statements is
contained in Appendix A.
Proposition 5.3. Let ˜g = +H
αβ∂α∂β. Then for any vector field Z ∈ Z we have with Zˆ = Z + cZ
|˜gZIφ− ZˆI˜gφ| . 1
1 + t+ |q|
∑
|K|≤|I|,
∑
|J |+(|K|−1)+≤|I|
|ZJH| |∂ZKφ|(5.9)
+
1
1 + |q|
∑
|K|≤|I|
( ∑
|J |+(|K|−1)+≤|I|
|ZJH|LL +
∑
|J ′|+(|K|−1)+≤|I|−1
|ZJ ′H|LT +
∑
|J ′′|+(|K|−1)+≤|I|−2
|ZJ ′′H|
)
|∂ZKφ|
where (|K| − 1)+ = |K| − 1 if |K| ≥ 1 and (|K| − 1)+ = 0 if |K| = 0.
6 Energy estimates in curved space-time
In this section we establish basic weighted energy identities and estimates for solutions of the inhomo-
geneous wave equation
(6.1) ˜gφ = F
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The weights under consideration will depend only on the distance q = r− t to the light cone t = r and
will be defined by a function w
w = w(q) ≥ 0, w′(q) ≥ 0
The weights will serve a two-fold purpose: 1) to provide additional decay of φ in the exterior region
q ≥ 0, which will follow from the energy estimates via a Klainerman-Sobolev type inequality 2) to
establish an additional a priori bound on a space-time integral involving tangential derivatives ∂¯φ of
the solution.
Lemma 6.1. Let φ be a solution of the equation (6.1) decaying sufficiently fast as |x| → ∞. Assume
that the background metric g is such that the tensor Hαβ = gαβ −mαβ satisfies |H| ≤ 12 . Then with
ω = x/|x|
∫
Σt2
(|∂tφ|2 + |∇φ|2)w(q)dx+ 2 ∫ t2
t1
∫
Στ
|∂¯φ|2w′(q)dxdt ≤ 4
∫
Σt1
(|∂tφ|2 + |∇φ|2)w(q) dx
(6.2)
+ 2
∫ t2
t1
∫
Στ
∣∣(2∂αHαβ)∂βφ∂tφ− (∂tHαβ)∂αφ∂βφ+ 2F∂tφ∣∣w(q)dxdt(6.3)
+ 2
∫ t2
t1
∫
Στ
∣∣Hαβ∂αφ∂βφ+ 2(ωiH iβ −H0β)∂βφ∂tφ∣∣w′(q) dxdt
Proof. Let φi = ∂iφ, i = 1, 2, 3, and φt = ∂tφ. Differentiating under the integral sign and integrating
by parts we get
(6.4)
d
dt
∫ (−g00φ2t+gijφiφj)w(q) dx−∫ 2∂j(g0jφ2tw(q)) dx = 2 ∫ w(q)(−g00φtφtt+gijφiφtj−2g0jφtφtj) dx
+
∫
w(q)
(− (∂tg00)φ2t + (∂tgij)φiφj − 2(∂jg0j)φ2t ) − w′(q)(− g00φ2t + gijφiφj + 2ωjg0jφ2t ) dx
= 2
∫
w(q)
(− g00φtφtt − gijφtφij − 2g0jφtφtj) dx
+
∫
w(q)
(− (∂tg00)φ2t + (∂tgij)φiφj − 2(∂jg0j)φ2t − 2(∂igij)φtφj) dx
−
∫
w′(q)
(− g00φ2t + gijφiφj + 2ωjg0jφ2t + 2ωigijφtφj) dx
Hence,
(6.5)
d
dt
∫ (− g00φ2t + gijφiφj)w(q) dx = − ∫ w(q)(2φtgφ− (∂tgαβ)φαφβ + 2(∂αgαβ)φβφt) dx
−
∫
w′(q)
(
gαβφαφβ + 2
(
ωig
iα − g0α)φtφα dx
Furthermore, with φr = ω
iφi = ∂rφ and φi = φi − ωiφr = ∂iφ
mαβφαφβ + 2φt(ωim
iα −m0α)φα = −φ2t + δijφiφj + 2φt(ωiφi + φt) = (φt + φr)2 + δijφiφj = |∂¯φ|2
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Since |H| < 1/2 we also have that
1
2
(φ2t + δ
ijφiφj) ≤ −g00φ2t + gijφiφj ≤ 2(φ2t + δijφiφj)
The lemma follows.
We now consider the following weight function:
(6.6) w = w(q) =
{
1 + (1 + |q|)1+2γ , when q > 0
1 + (1 + |q|)−2µ when q < 0
for some µ ≥ 0, γ ≥ −1. We clearly have
(6.7) w′ ≤ 4w(1 + |q|)−1 ≤ 16γ−1w′(1 + q−)2µ,
where q− = |q| for q ≤ 0 and q− = 0 otherwise.
Proposition 6.2. Let φ be a solution of the wave equation (6.1) with the metric g such that for
Hαβ = gαβ −mαβ;
(1 + |q|)−1|H|LL + |∂H|LL + |∂H| ≤ Cε′(1 + t)−1,
(1 + |q|)−1 |H|+ |∂H| ≤ Cε′(1 + t)− 12 (1 + |q|)− 12 (1 + q−)−µ(6.8)
Then for any 0 < γ ≤ 1, and 0 < ε′ ≤ γ/C1, we have
(6.9)
∫
Σt
|∂φ|2w +
∫ t
0
∫
Στ
|∂¯φ|2w ′ ≤ 8
∫
Σ0
|∂φ|2w + 16
∫ t
0
∫
Σt
(Cε |∂φ|2
1 + t
+ |F | |∂φ|
)
w
Remark 6.3. Observe that by the Gronwall inequality the energy estimate of the above proposition
implies tε
′
growth of the energy.
Remark 6.4. We recall again that the interior estimate (6.9), i.e., with w(q) ≡ 0 for q ≥ 0, in the
constant coefficient case basically follows by averaging the energy estimates on light cones used e.g. in
[?]. The interior energy estimates with space-time quantities involving special derivatives of a solution
were also considered and used in the work of Alinhac, see e.g. [A2], [A3]). In [L-R2] we proved the
interior version of (6.9). The use of the weights w(q) in energy estimates in the exterior q ≥ 0 for the
space part
∫
ΣT
|∂φ|2w originates in [K-N2].
Proof. The proof of the proposition relies on the energy estimate obtained in Lemma 6.1. We decom-
pose the terms on the right hand-side of (6.2) with respect to the null frame, using Lemma 4.2
|(∂αHαβ)∂βφ∂tφ|+ |(∂tHαβ)∂αφ∂βφ| ≤
(|(∂H)LL|+ |∂¯H|) |∂φ|2 + |∂H| |∂¯φ| |∂φ|
Therefore, using the assumptions (6.8) on the metric g, we obtain that
(6.10) |2(∂αHαβ)∂βφ∂tφ− (∂tHαβ)∂αφ∂βφ| . ε
′
1 + t
|∂φ|2 + ε
′
(1 + |q|)(1 + q−)2µ |∂¯φ|
2
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Decomposing the remaining terms we infer that
|Hαβ∂αφ∂βφ|+ |LαHαβ(∂tφ)∂βφ| ≤
∣∣H|LL|∂φ|2 + |H||∂¯φ| |∂φ|
Once again, using the assumptions (6.8), we have
(6.11) |2HαβLα∂βφ∂tφ+Hαβ∂αφ∂βφ| . ε′ 1 + |q|
1 + t
|∂φ|2 + ε′ |∂¯φ|
2
(1 + q−)2µ
Thus, with the help of (6.7),∫
Σt
|∂φ|2w +
∫ t
0
∫
Στ
|∂¯φ|2w′ .
∫
Σ0
|∂φ|2w + ε
∫ t
0
∫
Στ
( |∂φ|2
1 + t
w + |∂¯φ|2w
′
γ
)
+
∫ t
0
∫
Στ
|F | |∂φ|w
and the desired estimate follows.
7 Decay estimates in curved space-time
In this section we derive L∞ estimates for the first derivatives of solutions of the equation
(7.1) ˜gφ = F
These estimates are complimentary to the global Sobolev inequalities derived in Appendix C and
will provide a way to improve upon the decay estimates derived from the weighted energy estimates
via global Sobolev inequalities. Estimates of these type were obtained in [L1] in the case of the wave
equation in Minkowski space-time, i.e., constant coefficient metric g, and [L-R1] for variable coefficients.
Here, however, we introduce a weighted version of the L∞ estimates deigned to capture additional decay
in |q| = |r − t|.
For γ′ ≥ −1, µ′ ≤ 1/2 define the weight
(7.2) $ = $(q) =
{
(1 + |q|)1+γ′ , when q > 0
(1 + |q|)1/2−µ′ when q < 0 .
Lemma 7.1. Let φ be a solution of the reduced scalar wave equation (7.1) on a curved background
with metric g. Assume that the tensor Hαβ = gαβ −mαβ obeys the estimates
(7.3) |H| ≤ ε′,
∫ ∞
0
‖H(t, ·)‖L∞(Dt)
dt
1 + t
≤ 1
4
, |H|LT ≤ ε′ |q|+ 1
1 + t+ |x| ,
in the region Dt = {x : t/2 < |x| < 2t}. Then for α = max(1 + γ′, 1/2− µ′)
(7.4) (1 + t)$(q) |∂φ(t, x)| ≤ C sup
0≤τ≤t
∑
|I|≤1
‖$(q)ZIφ(τ, ·)‖L∞
+C
∫ t
0
(
ε′α‖$(q) ∂φ(τ, ·)‖L∞+(1+τ)‖$(q)F (τ, ·)‖L∞(Dτ )+
∑
|I|≤2
(1+τ)−1‖$(q)ZIφ(τ, ·)‖L∞(Dτ )
)
dτ
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Proof. Since by Lemma 5.1
(7.5) (1 + |t− r|)|∂φ|+ (1 + t+ r)|∂¯φ| ≤ C
∑
|I|=1
|ZIφ|, r = |x|,
the inequality (7.4) holds when r < t/2 + 1/2 or r > 2t− 1.
By Lemma 5.2 with ∂s = 1/2(∂t + ∂r) and ∂q = 1/2(∂r − ∂t),
(7.6)
∣∣(4∂s − HLL
2gLL
∂q)∂q(rφ)
∣∣ . (1 + r |H|LT
1 + |q| + |H|
)
r−1
∑
|I|≤2
|ZIφ|+ |H| r−1 |∂q(rφ)|+ r|F |
Multiplying by the weight $(q) and using that $′(q) ≤ C$(q)/(1 + |q|) along with the assumptions
(7.3) we obtain
(7.7)∣∣(4∂s − HLL
2gLL
∂q)$(q)∂q(rφ)
∣∣ . ( |H|
1 + t
+ α
HLL
1 + |q|
)
$(q)|∂q(rφ)|+
∑
|I|≤2
$(q)|ZIφ|
1 + t
+ C(t+ 1)$(q)|F |
in the region t/2 + 1/2 < r < 2t − 1. Let (τ, x(τ)) be the integral curve of the vector field ∂s +
HLL(2gLL)−1∂q passing through a given point (t, x) contained in the region t/2 + 1/2 ≤ r ≤ 2t − 1.
Observe that, by the smallness assumption on H, any such curve has to intersect the boundary of the
set t/2 + 1/2 ≤ r ≤ 2t− 1 at (τ, y) such that |y| = τ/2 + 1/2 or |y| = 2 τ − 1.
Then along such a curve the function ψ := $(q)∂q(rφ) satisfies the following equation:
(7.8)
∣∣∣ d
dt
ψ
∣∣∣ ≤ hˆ|ψ|+ f
where
hˆ = C
|H|
1 + t
, f =
ε′α
1 + t
$(q)|∂qrφ|+ C(1 + t)$(q)|F |+ C
∑
|I|≤2
$(q)|ZIφ|
1 + t
.
Thus using the integrating factor e−Hˆ with Hˆ =
∫
hˆ(s) ds and integrating along the integral curve
(τ, x(τ)) from any point (t, x) in the set t/2+1/2 ≤ r ≤ 2t− 1 to the first point of intersection (t0, x0)
with the boundary of the set t/2 + 1/2 ≤ r ≤ 2t− 1 we obtain
|ψ(t, x)| ≤ exp
(∫ t
τ
‖hˆ(σ, ·)‖L∞ dσ
)
|ψ(t0, x0)|+
∫ t
τ
exp
(∫ t
τ ′
‖hˆ(σ, ·)‖L∞ dσ
)
‖f(τ ′, ·)‖L∞ dτ ′,
with the L∞ norms are taken over the set t/1 + 1/2 ≤ r ≤ 2t− 1.
For the points (t0, x0) such that |x0| = t0/2 + 1/2 or |x0| = 2t0 − 1 we have by (7.5) that
|ψ(t0, x0)| ≤ Cr$(q)|∂qφ|+ C$(q)|φ| ≤ C
∑
|I|≤1
$(q)|ZIφ|.
The desired inequality now follows from (7.3), which implies that
∫∞
0 ‖hˆ(σ, ·)‖L∞ dσ ≤ 14 and the
inequality
(1 + t+ r)|∂φ| ≤ C
∑
|I|≤1
|ZIφ|+ C|∂q(rφ)|.
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We now state similar estimates for a system
(7.9) ˜φµν = Fµν
While it is trivial to extend the estimates of Lemma 7.1 to each of the components of φµν our interest
lies in the estimates for the null components of φ. Contracting (7.9) with the vector fields {L,L,A,B}
is far from straightforward. We instead exploit that the null derivatives ∂s, ∂q commute with any
of the vector fields of the null frame. We assume that the weight function $(q) is as in (7.2) and
α = max(1 + γ′, 1/2− µ′).
Corollary 7.2. Let φµν be a solution of the reduced wave equation system (7.9) on a curved background
with a metric g. Assume that Hαβ = gαβ −mαβ satisfies
(7.10) |H| ≤ ε
′
4
,
∫ ∞
0
‖H(t, ·)‖L∞(Dt)
dt
1 + t
≤ ε
′
4
, |H|LT ≤ ε
′
4
|q|+ 1
1 + t+ |x|
in the region Dt = {x ∈ R3; t/2 ≤ |x| ≤ 2t}. Then for any U, V ∈ {L,L,A,B} and an arbitrary point
x ∈ Dt:
(7.11) (1 + t+ |x|)|$(q)∂φ(t, x)|UV . sup
0≤τ≤t
∑
|I|≤1
‖$(q)ZIφ(τ, ·)‖L∞
+
∫ t
0
(
ε′α‖$(q)|∂φ(t, ·)|UV ‖L∞+(1+τ)‖$(q)|F (τ, ·)|UV ‖L∞(Dτ )+
∑
|I|≤2
(1+τ)−1‖$(q)ZIφ(τ, ·)‖L∞(Dτ )
)
dτ.
Proof. By Lemma 5.2 for each component we have the estimate
(7.12)
∣∣∣(4∂s − HLL
2gLL
∂q −
trH +HLL
2gLL r
)
∂q(rφµν) +
rFµν
2gLL
∣∣∣ . (1 + r |H|LT
1 + |q| + |H|
)
r−1
∑
|I|≤2
|ZIφµν |
and since ∂s and ∂q commute with contraction with the frame vectors we get
(7.13)
∣∣∣(4∂s − HLL
2gLL
∂q −
trH +HLL
2gLL r
)
∂q(rφUV ) +
rFUV
2gLL
∣∣∣ . (1 + r |H|LT
1 + |q| + |H|
)
r−1
∑
|I|≤2
|ZIφ|
The proof now proceeds as in Lemma 7.1.
8 The wave coordinate condition
The results of previous sections underscore the special role played by the HLL components of the tensor
Hαβ = gαβ − mαβ in the energy and decay estimates for solutions of the wave equation ˜gφ = F .
In this section we explain how the wave coordinate condition on the tensor gµν provides additional
information about HLL.
Recall that the wave coordinate condition for metric g in a coordinate system {xµ}µ=0,...,3 takes
the form
(8.1) ∂µ
(
gµν
√
| det g|
)
= 0.
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Expressing gµν in terms of the tensor Hµν we obtain
gµν
√
| det g| = (mµν +Hµν)(1− 1
2
trH +O(H2)
)
Therefore,
(8.2) ∂µ
(
Hµν − 1
2
mµν tr H +Oµν(H2)
)
= 0, where Oµν(H2) = O(|H|2).
Recall also the family of, tangent to the outgoing Minkowski light cones, vector fields T = {L,A,B}.
The divergence of a vector field can be expressed relative to the null frame as follows:
(8.3) ∂µF
µ = Lµ∂qF
µ − Lµ∂sFµ +Aµ∂AFµ
We can now easily prove
Lemma 8.1. Assume that |H| ≤ 1/4. Then
(8.4) |∂H|LT . |∂H|+ |H| |∂H|
Proof. It follows from (8.2) and (8.3) that
(8.5)
∣∣Lµ∂(Hµν − 1
2
mµν tr H
)∣∣ ≤ |∂¯H|+ |H||∂H|
Contracting with T ∈ T and using that mTL = 0 gives the desired result.
We now state a generalization of the above result containing estimates for the quantities ZIHLT
with vector fields Z ∈ Z our family of Minkowski Killing and conformally Killing vector fields. The
result is a rather tedious consequence of commuting vector fields Z through the wave coordinate
condition (8.1) and we postpone the details of the proof until Appendix D.
Proposition 8.2. Let g be a Lorentzian metric satisfying the wave coordinate condition (8.1) relative
to a coordinate system {xµ}µ=0,...,3. Let I be a multi-index and assume that the tensor Hµν = gµν−mµν
verifies the condition
|ZJH| ≤ C, ∀|J | ≤ |I|/2, ∀Z ∈ Z.
Then for some constant C ′
|∂ZIH|LT ≤ C ′
( ∑
|J |≤|I|
|∂ZJH|+
∑
|J |≤|I|−1
|∂ZJH| +
∑
|I1|+||I2|≤|I|
|ZI2H||∂ZI1H|
)
(8.6)
|∂ZIH|LL . C ′
( ∑
|J |≤|I|
|∂ZJH|+
∑
|J |≤|I|−2
|∂ZJH|+
∑
|I1|+|I2|≤|I|,m≥2
|ZI2H||∂ZI1H|
)
.(8.7)
Similar estimates hold for the tensor hµν = gµν −mµν .
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9 Statement of the Main Theorem and beginning of the proof
We consider the initial data (gµν |t=0, ∂tgµν |t=0) for the Einstein-scalar field equations Rµν = ∂µψ ∂νψ,
constructed in (2.3) - (2.5). The spatial part g0ij of gµν |t=0 together with the second fundamental form
k0ij = −1/2∂tgij |t=0 satisfy the constraint equations
R0 − |k0|2 + (trk0)2 = ψ21 + |∇ψ0|2, ∇jk0ij −∇itrk0 = ψ1 ∂iψ0.
By construction the initial data (gµν |t=0, ∂tgµν |t=0) satisfies the wave coordinate condition
∂µ(g
µν
√
| det g|) = 0.
The reduced Einstein equations, written relative to a 2-tensor hµν = gµν −mµν take the form
˜ghµν = Fµν + 2∂µψ ∂νψ, ˜gψ = 0,(9.1)
Fµν(h)(∂h, ∂h) = P (∂µh, ∂νh) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h),(9.2)
P (∂µh, ∂νh) :=
1
4
∂µtrh ∂νtrh− 1
2
∂µh
αβ∂νhαβ , ,(9.3)
where Q is a linear combination of standard quadratic null forms and G is a quadratic term in ∂h
vanishing in h at h = 0. We assume that the initial data for h(t) are such that at t = 0, gµν = mµν+hµν
verifies the constraint equations and the wave coordinate condition.
Define 2-tensor h1µν(t)
(9.4) h1µν(t) := hµν(t)− h0µν(t), where h0µν(t) = χ(r/t)χ(r)
M
r
δµν
where χ(s) ∈ C∞ is 1 when s ≥ 3/4 and 0 when s ≤ 1/2. It is clear that we can reinterpret (9.1) as
the equation for a new unknown - 2-tensor h1:
(9.5) ˜gh
1
µν = Fµν − ˜gh0µν + 2∂µψ ∂νψ
Set
(9.6) EN (t) =
∑
|I|≤N,Z∈Z
(
‖w1/2∂ZIh1(t, ·)‖L2 + ‖w1/2∂ZIψ(t, ·)‖L2
)
,
where
w =
{
1 + (1 + |q|)1+2γ , q > 0
1 + (1 + |q|)−2µ, q < 0
where q = r − t and γ, µ > 0. We recall that the initial data for ψ is given by ψ|t=0 = ψ0 and
∂tψ|t=0 = aψ1 with a2 = (1− χ(r)Mr−1).
We now state the main result.
Theorem 9.1. There exist a constant ε0 > 0 such that if ε ≤ ε0 and the initial data (h1|t=0, ∂th1|t=0, ψ0, ψ1)
are smooth, and obey EN (0) +M ≤ ε together with the condition
(9.7) lim inf
|x|→∞
(|h1(0, x)|+ |ψ0(x)|)→ 0,
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then the solution h(t) of the reduced Einstein equations (9.1) can be extended to a global smooth solution
satisfying
(9.8) EN (t) ≤ CNε (1 + t)cε
where CN is a constant depending only on N and c is independent ε.
Remark 9.2. Recall that if the initial data for (gµν , ψ) verifies the constraint equations and the wave
coordinate condition then there exists a local in time classical solution (hµν(t), ψ(t)) of (9.1) such that
gµν(t) = mµν(t) + hµν(t) obeys the wave coordinate condition for any time t in a maximum interval of
existence.
Therefore, in what follows we shall assume that a local in time solution gµν(t) = mµν +
hµν(t) obeys the wave coordinate condition
(9.9) ∂µ
(
gµν(t)
√
| det g(t)|
)
= 0
for any 0 ≤ t ≤ T0.
We also note that the maximum time of existence T0 can be characterized by the blow-up of the
energy EN (t)→∞ as t→ T−0 .
Remark 9.3. As was explained in Section 2 the proof of the result for the Einstein-scalar field problem
requires only superficial modifications as compared to the vacuum case.
Therefore, in what follows all the arguments will be provided only for the vacuum
problem with ψ ≡ 0.
For the proof we let δ be any fixed number 0 < δ < 1/4 and δ < γ. We define the time T < T0 to
be the maximal time such that the inequality
(9.10) EN (t) ≤ 2CNε(1 + t)δ
holds for all 0 ≤ t ≤ T . Note that by the assumptions of the Theorem T > 0. We will show that if
ε > 0 is sufficiently small then this inequality implies the same inequality with 2CN replaced by CN
for t ≤ T . Since the quantity is continuous this contradicts the maximality of T and it follows that
the inequality holds for all T ≤ T0. Moreover, since the energy EN (t) is now finite at t = T0 we can
extend the solution beyond T0 thus contradicting maximality of T0 and showing that T0 = +∞.
The first step is to derive the preliminary decay estimates for h1 under the assumption (9.10). The
estimate (9.10) can be explicitly written in the form
(9.11)
∑
Z∈Z,|I|≤N
‖w(q)1/2∂ZIh1(t, ·)‖L2 ≤ Cε(1 + t)δ, 0 < δ < γ
with some sufficiently large constant C. The following result is a consequence of weighted global
Sobolev inequalities proved in Appendix C.
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Corollary 9.4. Let h1 verify (9.11) and h0 be as in (9.4). Then for i = 0, 1,
(9.12) |∂ZIhi(t, x)| ≤
{
Cε(1 + t+ |q|)−1+δ(1 + |q|)−1−δ ′ , q > 0
Cε(1 + t+ |q|)−1+δ(1 + |q|)−1/2, q < 0 , |I| ≤ N − 2.
where δ ′ = δ, if i = 0 and δ′ = γ > δ if i = 1. Furthermore,
(9.13) |ZIhi(t, x)| ≤
{
Cε(1 + t+ |q|)−1+δ(1 + |q|)−δ′ , q > 0
Cε(1 + t+ |q|)−1+δ(1 + |q|)1/2, q < 0 , |I| ≤ N − 2,
and
(9.14) |∂ZIhi(t, x)| ≤
{
Cε(1 + t+ |q|)−2+δ(1 + |q|)−δ′ , q > 0
Cε(1 + t+ |q|)−2+δ(1 + |q|)1/2, q < 0 , |I| ≤ N − 3
Proof. We will only prove the estimates for i = 1 since the estimates for i = 0 follow by a direct
calculation from the form of h0. Estimate (9.12) follows from the weighted Sobolev inequality of
Proposition 14.1. We claim that
(9.15) lim
|x|→∞
|ZIh1(0, x)| → 0, |I| ≤ N − 2
In fact, if |I| = 0 this follows from (9.7) and (9.12), and if |I| ≥ 1 this follows from (9.12), since
|Zφ| ≤ C(1 + t + |x|)|∂φ|. Estimate (9.13) for t = 0 follows by integrating (9.12) from space-like
infinity, where (9.15) hold.
Remark 9.5. The weighted Sobolev inequality of Proposition 14.1 in fact implies the estimate
|∂ZIh1(t, x)| ≤
{
Cε(1 + t+ |q|)−1(1 + |q|)−1−γ(1 + t)δ, q > 0
Cε(1 + t+ |q|)−1(1 + |q|)−1/2(1 + t)δ, q < 0 , |I| ≤ N − 2.
In particular,
|∂ZIh1(0, x)| ≤ Cε(1 + |x|)−2−γ ,(9.16)
|ZIh1(0, x)| ≤ Cε(1 + |x|)−1−γ ,(9.17)
The estimate (9.13) for r > t follows by integrating (9.12) from the hyperplane t = 0 along the
lines with t+ r and ω = x/|x| fixed:
(9.18) |ZIh1(t, rω)| ≤
∫ t+r
r
|∂ZIh1(t+ r − ρ, ρω)| dρ+ |ZIh1(0, (t+ r)ω)|
≤ Cε
∫ ∞
r
dρ
(1 + t+ r)1−δ(1 + |t− ρ|)1+γ +
Cε
(1 + t+ r)1+γ−δ
≤ Cγε
(1 + t+ r)1−δ(1 + |t− r|)γ
A similar argument yields (9.13) for r < t. Inequality (9.14) follows from (9.13) using that |∂¯f | .∑
|I|=1 |ZIf |/(1 + t+ |q|).
The next subsection is devoted to the preparational estimates for the inhomogeneous terms Fµν
and F 0µν = ˜gh
0
µν arising in the equation (9.5) for the tensor h
1.
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9.1 Estimates for the inhomogeneous terms
These estimates will play a key role in the derivation of the improved decay and energy estimates in
the following two sections. As we have mentioned above the quadratic terms in Fµν in (9.1) do not
satisfy the standard null condition. Nevertheless, a special tensorial structure and the wave coordinate
condition will allow us to obtain favorable estimates.
Recall that the inhomogeneous term Fµν has the following structure:
Fµν(h)(∂h, ∂h) = P (∂µh, ∂νh) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h),(9.19)
P (∂µpi, ∂νθ) :=
1
2
∂µpi
αβ∂νθαβ − 1
4
∂µtrpi ∂νtrθ,(9.20)
The quadratic term Qµν is a linear combination of the null-forms and Gµν(h)(∂h, ∂h) is a quadratic
form in ∂h with the coefficients - a smooth function of h vanishing at h = 0. The following result is
an immediate consequence of (9.20), see also Lemma 4.2.
Lemma 9.6. The quadratic form P satisfies the following pointwise estimate:
|P (∂pi, ∂θ)|T U . |∂¯pi | |∂θ|+ |∂pi | |∂¯θ|,(9.21)
|P (∂pi, ∂θ)| . |∂pi |T U |∂θ|T U + |∂pi |LL|∂θ|+ |∂pi | |∂θ|LL(9.22)
Using the additional estimates on the hLL component, derived in Proposition 8.2 under the as-
sumption that the wave coordinate condition holds, we obtain the following:
Corollary 9.7. Let metric g satisfy the wave coordinate condition (8.1) relative to coordinates {xµ},
the quadratic form P obeys the following estimate on a 2-tensor hµν = gµν −mµν :
|P (∂h, ∂h)|T U . |∂¯h| |∂h|,(9.23)
|P (∂h, ∂h)| . |∂h|2T U + |∂¯h| |∂h|+ |h| |∂h|2(9.24)
In addition, assuming that |ZJh| ≤ C for all multi-indices |J | ≤ |I| and vector fields Z ∈ Z,
|ZIP (∂h, ∂h)| .
∑
|J |+|K|≤|I|
(|∂ZJh|T U |∂ZKh|T U + |∂¯ZJh| |∂ZKh|)+ ∑
|J |+|K|≤|I|−1
|∂ZJh|LT |∂ZKh|
+
∑
|J |+|K|≤|I|−2
|∂ZJh| |∂ZKh|+
∑
|J1|+|J2|+|J3|≤|I|
|ZJ3h| |∂ZJ2h||∂ZJ1h|
Proof. The estimate (9.23) follows directly from (9.21). To prove (9.24) we use (9.22) and that by the
wave coordinate condition |∂h|LL . |∂¯h|+ |h| |∂h|.
We now note that ZIP (∂µh, ∂νh) is a sum of terms of the form P (∂αZ
Jh, ∂βZ
Kh) for some α, β
and |J |+ |K| ≤ I:
|ZIP (∂h, ∂h)| ≤ C
∑
|J |+|K|≤|I|
|P (∂ZJh, ∂ZKh)|
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It follows from (9.22) and Proposition 8.2 that
(9.25)
∑
|J |+|K|≤|I|
|P (∂ZJh, ∂ZKh)| .
∑
|J |+|K|≤|I|
|∂ZJh|T U |∂ZKh|T U + |∂ZJh|LL |∂ZKh|
.
∑
|J |+|K|≤|I|
|∂¯ZJh| |ZKh|+ |∂ZJh|T U |∂ZKh|T U
+
∑
|J |+|K|≤|I|
( ∑
|J ′|≤|J |−1
|∂ZJ ′h|LT +
∑
|J ′′|≤|J |−2
|∂ZJ ′′h| +
∑
|J1|+|J2|≤|J |
|ZJ2h| |∂ZJ1h|
)
|∂ZKh|
which proves the result.
We now state the complete estimates for the inhomogeneous term Fµν .
Proposition 9.8. Let Fµν = Fµν(h)(∂h, ∂h) be as in (9.19) and assume that the wave coordinate
condition (8.1) holds for the metric gµν = mµν + hµν relative to coordinates {xµ}. Then
|F |T U . |∂h| |∂h|+ |h| |∂h|2,(9.26)
|F | . |∂h|2T U + |∂¯h| |∂h|+ |h| |∂h|2(9.27)
In addition, assuming that |ZJh| ≤ C for all multi-indices |J | ≤ |I| and vector fields Z ∈ Z,
(9.28) |ZIF | .
∑
|J |+|K|≤|I|
(|∂ZJh|T U |∂ZKh|T U + |∂¯ZJh| |∂ZKh|)+ ∑
|J |+|K|≤|I|−1
|∂ZJh|LT |∂ZKh|
+
∑
|J |+|K|≤|I|−2
|∂ZJh| |∂ZKh|+
∑
|J1|+|J2|+|J3|≤|I|
|ZJ3h| |∂ZJ2h||∂ZJ1h|
Proof. First
|ZIGµν(h)(∂h, ∂h)| ≤ C
∑
|I1|+...+|Ik|≤|I|, k≥3
|ZIkh| · · · |ZI3h| |∂ZI2h| |∂ZI1h|.
Since ZQ(∂u, ∂v) = Q(∂u, ∂Zv)+Q(∂Zu, ∂v)+aijQij(∂u, ∂v), and |Qµν(∂h, ∂k)| ≤ |∂h| |∂k|+|∂k| |∂h|
it follows that
|ZIQµν(∂h, ∂h)| ≤ C
∑
|J |+|k|≤|I|
|Qµν(∂ZJh, ∂ZKh)| ≤ C
∑
|J |+|k|≤|I|
|∂ZJh| |∂ZKh|
and the proposition follows.
The next step is to estimate the extra inhomogeneous term ˜gh
0 appearing in the wave equation
˜gh
1
µν = Fµν − ˜gh0µν via the decomposition h = h1 + h0.
Lemma 9.9. Let
F 0µν = ˜gh
0
µν , h
0
µν = χ(r)χ(t/r)
M
r
δµν
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Then, if the weak decay estimates in Corollary 9.4 hold, we have
|ZIF 0| ≤
{
Cε2(t+ |q|+ 1)−4+δ(1 + |q|)−δ, q > 0,
Cε(t+ |q|+ 1)−3, q < 0, , |I| ≤ N − 2
More generally,
|ZIF 0| ≤
{
CNε
2(t+ |q|+ 1)−4, q > 0,
CNε(t+ |q|+ 1)−3, q < 0,
+
CNε
(t+ |q|+ 1)3
∑
|J |≤|I|
|ZJh1|, |I| ≤ N.
Proof. Set
F 0 = ˜gh
0 = F 00 + F 01, F 00 = h0, F 01 = H αβ∂α∂βh
0
One can easily check that
|ZIF 00| ≤ CNε
(t+ |q|+ 1)3 , and F
00 ≡ 0, for r < t/2 or r > 3t/4
|ZIF 01| . CNε
(t+ |q|+ 1)3
∑
|J |≤|I|
|ZJH|
On the other hand, with the help of (9.13) for h0,∑
|J |≤k
|ZJH| . CNε
t+ |q|+ 1 +
∑
|J1|+...+|Jn|≤k
|ZJ1h1| · · · |ZJnh1|,
since H = −h+O(h2), h = h0 + h1. Using (9.13), this time for h1, we obtain
|ZIF 01| ≤
{
CNε
2(t+ |q|+ 1)−4+δ(1 + |q|)−δ, q > 0,
CNε
2(t+ |q|+ 1)−4+δ(1 + |q|)1/2, q < 0, , |I| ≤ N − 2
10 Decay estimates for the Einstein equations
In this section we put to use the wave coordinate condition (9.9) for the metric g(t) in coordinates
{xµ}µ=0,...,3, which, as explained in the Remark 9.2, is satisfied on the maximum interval of existence
[0, T0], and the decay estimates for solutions of the wave equation ˜gφµν =Wµν , derived in Corollary
7.2, to upgrade pointwise estimates of Corollary 9.4.
Proposition 10.1 (Estimates for h). Let h = h1 + h0 be a solution of the reduced Einstein equations
(9.1). Assume that h1 verifies the energy estimate (9.10) on the time interval [0, T ]. Then for any
t ∈ [0, T ],
|∂h|LT + |∂Zh|LL ≤
{
Cε(1 + t+ |q|)−2+δ(1 + |q|)−δ, q > 0
Cε(1 + t+ |q|)−2+δ(1 + |q|)1/2, q < 0 ,(10.1)
|h|LT + |Zh|LL ≤
{
Cε(1 + t+ |q|)−1, q > 0.
Cε(1 + t+ |q|)−1(1 + |q|)1/2+δ, q < 0.(10.2)
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Furthermore,
|∂h|T U ≤ Cε(1 + t+ |q|)−1,(10.3)
|∂h| ≤ Cεt−1 ln t.(10.4)
Proposition 10.2 (Estimates for h1). Under the same assumptions let γ′ < γ − δ and µ′ > δ > 0 be
fixed. Then there exist constants Mk, Ck and εk, depending on (γ
′, µ′, δ), such that
|∂ZIh1| ≤
{
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)−1−γ′ , q > 0
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)−1/2+µ′ , q < 0
, |I| = k ≤ N/2 + 2(10.5)
|ZIh1| ≤
{
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)−γ′ , q > 0
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)1/2+µ′ , q < 0
, |I| = k ≤ N/2 + 2(10.6)
The same estimates hold for h0 if we replace γ′ by Mkε.
Remark 10.3. Note the difference between the estimates (10.3), (10.4) for h and (10.5) with |I| = 0 for
h1.
The estimates (10.1)-(10.2) follow from the wave coordinate condition combined with the weak
decay estimates of Corollary 9.4. In the derivation of the sharp decay estimates (10.3)-(10.6) we will
use decay estimates of Corollary 7.2 with various weights.
10.1 Proof of (10.1)-(10.2).
We rely on Proposition 8.2 to establish an even more general version of the desired estimates. We
remind the reader that under the assumptions of Proposition 10.1 both the wave coordinate condition
(9.9) for tensor gµν and the weak decay estimates of Corollary 9.4 hold true.
Lemma 10.4. Under the assumptions of Proposition 10.1
∑
|I|≤ k
|∂ZIh|LL +
∑
|J |≤ k−1
|∂ZJh|LT .
∑
|K|≤ k−2
|∂ZKh|+
{
ε(1 + t+ |q|)−2+2δ(1 + |q|)−2δ, q > 0
ε(1 + t+ |q|)−2+2δ(1 + |q|)1/2−δ, q < 0
(10.7)
∑
|I|≤ k
|ZIh|LL +
∑
|J |≤ k−1
|ZJh|LT .
∑
|K|≤ k−2
∫
s,ω=const
|∂ZKh|+
{
ε(1 + t+ |q|)−1, q > 0
ε(1 + t+ |q|)−1(1 + |q|)1/2+δ, q < 0
(10.8)
Here the sums over k − 2 are absent if k ≤ 1, the sums over k − 1 are absent if k = 0 and ∫
s,ω=const
stands for an integral along the segment τ + |y|, y/|y| = const connecting a given point (t, x) with a
hyperplane t = 0.
Proof. The proof follows immediately from Proposition 8.2 and the estimates of Corollary 9.4 since
(10.9)∑
|I|≤ k
|∂ZIH|LL +
∑
|J |≤ k−1
|∂ZJH|LT .
∑
|J |≤|I|
|∂¯ZJH|+
∑
|K|≤ k−2
|∂ZKH|+
∑
I1+I2=I
|ZI2H| |∂ZI1H|.
Integrating (10.7) along the lines on which the angle ω = y/|y| and the null coordinate s = τ + |y| are
constant, as in the proof of Corollary 9.4, and using (9.13) at t = 0, yields (10.8).
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10.2 Proof of (10.3)-(10.4).
We apply the L∞ estimates, derived in Corollary 7.2, for the reduced wave equation
˜ghµν = Fµν
with Fµν given in (9.2) or (9.19)-(9.20). Observe that the weak decay estimates of Corollary 9.4
guarantee that the tensor Hµν = gµν −mµν verifies the required assumptions of Corollary 7.2.
First we derive the L∞ estimates for Fµν .
Lemma 10.5. Suppose that the assumptions of Proposition 10.1 hold and let Fµν = Fµν(h)(∂h, ∂h)
be as in (9.2). Then
|F |T U ≤ Cεt−3/2+δ|∂h|,(10.10)
|F | ≤ Cεt−3/2+δ|∂h|+ C|∂h|2T U(10.11)
Proof. This follows from Proposition 9.8 and the weak decay estimates of Corollary 9.4.
The 2-tensor h is a solution of the wave equation ˜ghµν = Fµν . We now recall that that according
to Corollary 7.2 with a trivial weight $(q) = 1, i.e., α = 0, we have that for any U, V ∈ {L,L,A,B},
(10.12) (1 + t+ |x|)| |∂h(t, x)|UV . sup
0≤τ≤t
∑
|I|≤1
‖ZIh(τ, ·)‖L∞
+
∫ t
0
(
(1 + τ)‖ |F (τ, ·)|UV ‖L∞(Dτ ) +
∑
|I|≤2
(1 + τ)−1‖ZIh(τ, ·)‖L∞(Dτ )
)
dτ.
Then with the help of Lemma 10.8 and the weak decay estimates of Corollary 9.4 we obtain
Lemma 10.6. With a constant depending on γ > 0 we have
(1 + t)‖ |∂h|T U (t, ·)‖L∞ ≤ Cε+ Cε
∫ t
0
(1 + τ)δ−1/2‖∂h(τ, ·)‖L∞ dτ,
(1 + t)‖∂h(t, ·)‖L∞ ≤ Cε+ C
∫ t
0
(
ε(1 + τ)δ−1/2‖∂h(τ, ·)‖L∞ + (1 + τ)‖|∂h|T U (τ, ·)‖2L∞
)
dτ.
Here, by assumption δ < 1/4 so δ − 1/2 < −1/4. The estimates (10.3) and (10.4) are now
consequences of the above lemma and the following technical result applied to the functions b(t) :=
(1 + t)‖ |∂h|T U (t, ·)‖L∞ and c(t) := (1 + t)‖∂h(t, ·)‖L∞ :
Lemma 10.7. Assume that the functions b(t) ≥ 0 and c(t) ≥ 0 satisfy
b(t) ≤ Cε
(∫ t
0
(1 + s)−1−ac(s) ds+ 1
)
(10.13)
c(t) ≤ Cε
(∫ t
0
(1 + s)−1−ac(s) ds+ 1
)
+ C
∫ t
0
(1 + s)−1b2(s) ds(10.14)
for some positive constants such that a ≥ C2ε and a ≥ 4Cε/(1− 2Cε). Then
(10.15) b(t) ≤ 2Cε, and c(t) ≤ 2Cε(1 + a ln (1 + t))
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Proof. Let τ0 be the largest time such that holds. Substituting these bounds into (10.13)-(10.14) and
taking into account that∫ ∞
0
(1 + s)−1−a
(
1 + a ln (1 + s)
)
ds ≤ a−1
∫ ∞
0
(1 + τ) e−τ dτ = 2a−1 + 1
we obtain that for any 0 ≤ t ≤ τ0
b(t) ≤ Cε(2Cε(1 + 2a−1) + 1) < 2Cε,
c(t) ≤ Cε(2Cε(1 + 2a−1) + C2ε ln(1 + t)) < 2Cε(1 + a ln (1 + t)),
which implies that τ0 =∞, as desired.
10.3 Proof of (10.5)-(10.6)
The proof of the estimates for the tensor h1 proceeds by induction. We assume that (10.5)-(10.6) hold
for all values of multi-index |I| ≤ k and prove the estimate for |I| = k + 1. The argument below will
also apply unconditionally to the base of the induction k = 0.
Once again the first step is to establish L∞ estimates for ZIF .
Lemma 10.8. Suppose that the assumptions of Proposition 10.1 hold and let Fµν = Fµν(h)(∂h, ∂h)
be as in (9.2). Then
(10.16) |ZIF | ≤ Cε
∑
|K|≤|I|
|∂ZKh|
1 + t
+ C
∑
|J |+|K|≤|I|, |J |≤|K|<|I|
|∂ZJh||∂ZKh|
Proof. The result follows from Proposition 9.8 with the help of (9.12)-(9.14) and (10.3).
Recall now that the 2-tensor h1 = g −m− h0 is a solution of the reduced wave equation
(10.17) ˜gh
1
µν = F
1
µν = Fµν − F 0µν , where F 0µν = ˜gh0µν
and that the terms Fµν and F
0
µν have been treated in Proposition 9.8 and Lemma 9.9 respectively.
To prove the estimates for ZIh1 with vector fields Z ∈ Z we commute the equation (10.17) with
ZI . By Proposition 5.3
|˜gZIh1| . |ZˆIF 1|+ (1 + t)−1
∑
|K|≤|I|,
∑
|J |+(|K|−1)+≤|I|
|ZJH||∂ZKh1|(10.18)
+
C
1 + |q|
∑
|K|≤|I|
( ∑
|J |+(|K|−1)+≤|I|
|ZJH|LL +
∑
|J ′|+(|K|−1)+≤|I|−1
|ZJ ′H|LT +
∑
|J ′′|+(|K|−1)+≤|I|−2
|ZJ ′′H|
)
|∂ZKh1|
(10.19)
where (|K| − 1)+ = |K| − 1, if |K| ≥ 1, and 0, if |K| = 0. Using Lemma 10.4 and (10.5), which is
inductively assumed to be true for |I| ≤ k, we get
(10.20) (1 + |q|)−1
∑
|J |≤k, |J ′|≤k−1, |J ′′|≤k−2
(
|ZJH|LL + |ZJ ′H|LT + |ZJ ′′H|
)
.
{
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)−1−Mkε + ε(1 + t+ |q|)−1(1 + |q|)−1, q > 0
Ckε(1 + t+ |q|)−1+Mkε(1 + |q|)−1/2+µ′ + ε(1 + t+ |q|)−1(1 + |q|)−1/2+δ, q < 0
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while contribution of the terms in (10.19) coupled to the highest order term - ∂ZKh1, |K| = |I|,
according to (10.2) amounts to
(10.21) (1 + |q|)−1
∑
|J |≤1
(
|ZJH|LL + |H|LT
)
.
{
ε(1 + t+ |q|)−1(1 + |q|)−1, q > 0
ε(1 + t+ |q|)−1(1 + |q|)−1/2+δ, q < 0
Therefore splitting the sum in (10.19) according to whether |K| < |I| or |K| = |I| and using the
inductive assumption (10.5) for |K| < |I| = k + 1, we obtain
(10.22)
|˜gZIh1| ≤ Cε
∑
|K|≤|I|
|∂ZKh1|
1 + t
+ |ZˆIF 0|+
{
C2kε
2(1 + t+ |q|)−2+2Mkε(1 + |q|)−2−2Mkε, q > 0
C2kε
2(1 + t+ |q|)−2+2Mkε(1 + |q|)−1+2µ′ , q < 0
Now by Lemma 9.9
|ZIF 0| ≤
{
Cε2(t+ |q|+ 1)−4+δ(1 + |q|)−δ, q > 0,
Cε(t+ |q|+ 1)−3, q < 0, , |I| ≤ N − 2
Set
(10.23) nk+1(t) = (1 + t)
∑
|I|≤k+1
‖$(q)∂ZIh1(t, ·)‖L∞ , $(q) =
{
(1 + |q|)1+γ′ , q > 0
(1 + |q|)1/2−µ′ q < 0 ,
where µ′ > δ and γ′ < γ − δ. Then we have established that for |I| = k + 1:
(10.24) $(q)|˜gZIh1| . (1 + t)−2
(
εnk+1(t) + ε
2C2k(1 + t)
2Mkε + Cε(1 + t)−1/2−µ
′)
The weak decay estimates of Corollary 9.4 imply that
$(q)|ZIh1(t, x)| .
{
ε(1 + t+ |q|)−1+δ(1 + |q|)−γ(1 + |q|)1+γ′ , q > 0
ε(1 + t+ |q|)−1+δ(1 + |q|)1/2(1 + |q|)1/2−µ′ , q < 0 . ε(1 + t)
−a, a > 0
provided that a = min (µ′ − δ, γ − δ − γ′) > 0. The decay estimate proved in Corollary 7.2 therefore
shows that for some constant C = C(k) we have the inequality
(10.25) nk+1(t) ≤ Cε+ C
∫ t
0
(1 + τ)−1
(
εnk+1(τ) + ε
2(1 + τ)Cε + Cε(1 + t)−1/2−µ
′)
dτ
The bound nk+1(t) ≤ 2Cε(1 + t)2Cε follows from the Gronwall inequality. This proves (10.5). The
estimate (10.6) then follows by integrating (10.5) along the line ω = y/|y|, τ + |y| = const from the
hyperplane t = 0 using (9.17).
11 Energy estimates for Einstein’s equations
Recall the definition of the weighted energy
EN (t) = sup
0≤τ≤t
∑
|I|≤N
∫
Σt
|∂ZIh1|2w(q),(11.1)
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where
(11.2) w =
{
1 + (1 + |q|)1+2γ , q > 0
1 + (1 + |q|)−2µ, q < 0 , w
′ =
{
(1 + 2γ)(1 + |q|)2γ , q > 0
2µ(1 + |q|)1−2µ, q < 0
Recall also our decomposition
gµν(t) = mµν + hµν(t) = mµν + h
1
µν(t) + h
0
µν(t), h
0
µν(t) = χ(
r
t
)χ(r)
M
r
δµν
of a local in time smooth solution gµν(t) of the reduced Einstein equations, and the definition of the
tensor Hµν = gµν −mµν .
In this section we prove the following result.
Theorem 11.1. Let gµν(t) = hµν(t)+mµν be a local in time solution of the reduced Einstein equations
(9.1)) satisfying the wave coordinate condition (9.9) on the interval [0, T ). Suppose also that for some
0 < µ′ < 1/2 and 0 < γ < 1/2 we have the following estimates for 0 ≤ t ≤ T , all multi-indices
|I| ≤ N/2 + 2 and the collections T = {L, S1, S2}, U = {L,L, S1, S2}:
|∂H|T U + (1 + |q|)−1|H|T L + (1 + |q|)−1|ZH|LL ≤ Cε(1 + t)−1,(11.3)
|∂ZIh|+ |Z
Ih|
1 + |q| +
1 + t+ |q|
1 + |q| |∂¯Z
Ih| .
{
Cε(1 + t+ |q|)−1+Cε(1 + |q|)−1−Cε, q > 0
Cε(1 + t+ |q|)−1+Cε(1 + |q|)−1/2+µ′ , q < 0(11.4)
EN (0) +M
2 ≤ ε2.(11.5)
Then there is a positive constant c independent of T such that if ε ≤ c−2 we have the energy estimate
(11.6) EN (t) ≤ CN ε2(1 + t)cε,
for 0 ≤ t ≤ T . Here CN is a constant that depends only on N .
Assuming the conclusions of Theorem 11.1 for a moment we finish the proof of the Main Theorem
9.1.
11.1 End of the proof of Theorem 9.1
Recall that T was defined as the maximal time with the property that the bound
EN (t) ≤ 2CNε(1 + t)δ
holds for all 0 ≤ t ≤ T . Assuming the energy bound above we have establsihed in Propositions 10.1-
10.2 the decay estimates for the tensors h = h0 + h1 and h1 respectively. Direct check shows that the
estimates of Propositions 10.1-10.2 imply the assumptions (11.3)-(11.4). The conclusion of Theorem
11.1 states that the energy
EN (t) ≤ CNε2(1 + t)cε, ∀0 ≤ t ≤ T
Thus choosing a sufficiently small ε > 0 we can show that EN (t) ≤ CNε(1 + t)δ thus contracting the
maximality of T and consequently proving that gµν is a global solution. It therefore remains to prove
Theorem 11.1.
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11.2 Proof of Theorem 11.1
Proof. Recall that the components of the tensor hµν = gµν −mµν satisfy the wave equations:
˜ghµν = Fµν , ,(11.7)
Fµν = P (∂µh, ∂νh) +Qµν(∂h, ∂h) +Gµν(h)(∂h, ∂h),
P (∂µh, ∂νh) =
1
2
mαα
′
mββ
′
∂µhαβ ∂νhα′β′ − 1
4
mαα
′
∂µhαα′ m
ββ′∂νhββ′ .(11.8)
Our goal is to compute the energy norms of ZIh1, where Z ∈ Z and h1 is a solution of the problem
(11.9) ˜g h
1
µν = F
1
µν , where F
1 = F − F 0, F 0 = ˜gh0
Commuting with the vector fields ZˆI , Zˆ = Z + cZ we get
(11.10) ˜g Z
Ih1µν = F
1 I
µν ,
where
(11.11) F 1I = ZˆIF − ZˆIF 0 −DI , DI = (ZˆI˜gh1 − ˜gZIh1)
We base our argument on the energy estimate (6.9) for a solution φ of the wave equation ˜gφ = F
of Proposition 6.2. Observe that the conditions of our Theorem on the tensor Hµν = gµν −mµν imply
the that the assumptions of Proposition 6.2 for the metric g hold true. In particular, we have
(11.12)
∫
Σt
|∂φ|2w +
∫ t
0
∫
Στ
|∂¯φ|2w ′ ≤ 8
∫
Σ0
|∂φ|2w + 16
∫ t
0
∫
Σt
(Cε |∂φ|2
1 + t
+ |˜gφ| |∂φ|
)
w
This applied to (11.10) gives
(11.13)∫
Σt
|∂ZIh1|2w +
∫ t
0
∫
Στ
|∂¯ZIh1|2w ′ ≤ 8
∫
Σ0
|∂h1|2w + 16
∫ t
0
∫
Σt
(Cε |∂ZIh1|2
1 + t
+ |F I1 | |∂ZIh1|
)
w
≤ 8
∫
Σ0
|∂h1|2w + 16
∫ t
0
∫
Σt
(Cε |∂ZIh1|2
1 + t
w + ε−1
(|ZˆIF |2 + ∣∣DI ∣∣2) (1 + t)w + |ZIF 0| |∂ZIh1|w)
We begin with the following estimate on the inhomogeneous term F :
Lemma 11.2. Under the assumptions of Theorem 11.1
|ZIF | .
∑
|J |≤|I|
(ε|∂ZJh1|
1 + t
+
ε(1 + |q|)µ′−1/2
(1 + t+ |q|)1−Cε |∂¯Z
Jh1|+ ε
2
1 + t+ |q|
|ZJh1|
1 + |q|
)
(11.14)
+
∑
|J |≤|I|−1
ε |∂ZJh1|
(1 + t)1−Cε
+
ε2
(1 + t+ |q|)4
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Proof. According to Proposition 9.8
|ZIF | .
∑
|J |+|K|≤|I|
(|∂ZJh|T U |∂ZKh|T U + |∂¯ZJh| |∂ZKh|)+ ∑
|J |+|K|≤|I|−1
|∂ZJh| |∂ZKh|
+
∑
|J1|+|J2|+|J3|≤|I|
|ZJ3h| |∂ZJ2h||∂ZJ1h|(11.15)
Since h = h1 + h0 and h0 obeys the estimates |∂ZJh0| . ε(1 + t+ |q|)−2 and |ZIh0| . ε(1 + t+ |q|)−1
for all |I| ≤ N , it follows that both h0 and h1 obey the estimates (11.3) and (11.4) of the theorem.
Substituting h = h0 + h1 into (11.15) and expanding the products we obtain terms in which either
all factors contain h0, in which case we can estimate them by ε2(1 + t + |q|)−4, or at least one factor
contains h1, in which case we can simply estimate the other factors by (11.3)-(11.4). It follows that
(11.15) leads to the estimate
|ZIF | .
∑
|J |≤|I|
(ε|∂ZJh1|
1 + t
+
ε(1 + |q|)µ′−1/2
(1 + t+ |q|)1−Cε |∂¯Z
Jh1|+ ε
2
1 + t+ |q|
|ZJh1|
1 + |q|
)
+
∑
|J |≤|I|−1
ε |∂ZJh1|
(1 + t)1−Cε
+
ε2
(1 + t+ |q|)4
Lemma 11.3. Under the assumptions of Theorem 11.1
ε−1
∫ T
0
∫
|ZIF |2 (1 + t)w dxdt .
∑
|J |≤|I|
∫ T
0
∫
ε
( |∂ZJh1|2
1 + t
w + |∂¯ZJh1|2w′
)
dxdt
+
∑
|J |≤|I|−1
∫ T
0
∫
ε
|∂ZJh1|2
(1 + t)1−2Cε
w dxdt+ ε3.
Proof. The estimate is a straightforward application of Lemma 11.2. We took into account that
w ≤ w′(1 + |q|)(1 + q−)2µ and the inequality µ < 1− 2µ′. The estimate∫
1
1 + t+ |q|
|ZJh1|2
(1 + |q|)2 w dx .
∫ |∂ZJh1|2
(1 + t+ |q|) w dx
is the Hardy type inequality established in Corollary 13.3 of Appendix B.
Next we estimate F 0 = ˜gh
0:
Lemma 11.4. The following inequality holds true:∫ T
0
∫
|ZIF 0| |∂ZIh1|w dxdt ≤ CN ε
∑
|J |≤|I|
(∫ T
0
∫ |∂ZJh1|2
(1 + t)2
w dxdt+
∫ T
0
(∫
|∂ZJh1|2w dx
)1/2 dt
(1 + t)3/2
)
where CN denotes a constant that depends only on N .
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Proof. We start with the estimate∫ T
0
∫
|ZIF 0| |∂ZIh1|w dxdt ≤
∫ T
0
(∫
|ZIF 0|2w dx
) 1
2
(∫
|∂ZIh1|2w dx
) 1
2
dt
Now by Lemma 9.9
|ZIF 0| ≤
{
CNε
2(t+ |q|+ 1)−4, q > 0,
CNε(t+ |q|+ 1)−3, q < 0,
+
CNε
(t+ |q|+ 1)3
∑
|J |≤|I|
|ZJh1|.
Therefore, once again using a Hardy type inequality of Corollary 13.3, we obtain∫
|ZIF 0|2w dx ≤ CN
∫ t
0
ε2r2dr
(1 + t)6
+ CN
∫ ∞
t
ε4r2(1 + r)1+2γ dr
(1 + r)8
+
CNε
2
(1 + t)4
∫ |ZIh1|2
(1 + |q|)2 w dx
≤ CNε
2
(1 + t)3
+
CNε
2
(1 + t)4
∫
|∂ZIh1|2w dx
and the result follows.
The estimate for the term containing the commutator term DI = ˜gZ
Ih1 − ZˆI˜gh1 follows from
the following
Lemma 11.5. Under the assumptions of Theorem 11.1
(11.16) ε−1
∫ T
0
∫ ∣∣˜gZIh1 − ZˆI˜gh1∣∣2(1 + t)w dx dt
. ε
∑
|J |≤|I|
∫ T
0
∫ ( |∂ZJh1|2
1 + t
w + |∂¯ZJh1|2w′
)
dxdt+ ε
∑
|J |≤|I|−1
∫ T
0
∫ |∂ZJh1|2
(1 + t)1−2Cε
w dxdt+ ε3
We postpone the proof of Lemma 11.5 for a moment and finish the proof of Theorem 11.1.
Using (11.13) together with Lemmas 11.3-11.5 yields
(11.17)∫
Σt
|∂ZIh1|2w+
∫ t
0
∫
Στ
|∂¯ZIh1|2w ′ ≤ 8
∫
Σ0
|∂h1|2w+CNε
∑
|J |≤|I|
∫ T
0
1
(1 + t)3/2
(∫
|∂ZJh1|2w dx
)1/2
dt
+ Cε
∑
|J |≤|I|
∫ T
0
∫ ( |∂ZJh1|2
1 + t
w + |∂¯ZJh1|2w′
)
dxdt+ Cε
∑
|J |≤|I|−1
∫ T
0
∫ |∂ZJh1|2
(1 + t)1−2Cε
w dxdt+ Cε3
where CN depends only on |I| ≤ N . As before we denote
Ek(t) = sup
0≤τ≤t
∑
Z∈Z, |I|≤k
∫
Στ
|∂ZIh1|2w dx
and let
Sk(t) :=
∑
Z∈Z, |I|≤k
∫ t
0
∫
Στ
|∂¯ZIh1|2w′ dx
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It therefore follows that
(11.18)
Ek(t) + Sk(t) ≤ 8Ek(0) + CεSk(t) +
∫ t
0
CεEk(τ)
1 + τ
dτ +
∫ t
0
CNεEk(τ)
1/2
(1 + τ)3/2
dτ + Cε3 +
∫ t
0
CεEk−1(τ)
(1 + τ)1−Cε
dτ
For Cε sufficiently small we can absorb the space-time integral Sk(t) into the one on the left hand-
side at the expense of at most doubling all the constants on the right hand-side. Similarly, since
16CNε1/4E
1/2
k ≤ Ek + 642C2Nε2 and Ek(t) is increasing, we can absorb 1/4
∫ t
0 Ek(τ) (1 + τ)
−3/2 ≤
1/2Ek(t). If we also use the assumption EN (0) ≤ ε2 we obtain for ε > 0 sufficiently small
(11.19) Ek(t) + Sk(t) ≤ CNε2 +
∫ t
0
CεEk(τ)
1 + τ
dτ +
∫ t
0
CεEk−1(τ)
(1 + τ)1−Cε
dτ
where the last term is absent if k = 0 and CN is a constant that depending only N .
For k = 0 this yields the estimate
E0(t) ≤ CNε2 +
∫ t
0
c0εE0(τ)
1 + τ
dτ
and the Gronwall inequality gives the bound
E0(t) ≤ CN (1 + t)c0ε
which prove (11.6) for k = 0.
Assuming (11.6) for k replaced by k − 1 we get from (11.19)
(11.20) Ek(t) ≤ CNε2 +
∫ t
0
cεEk(τ)
1 + τ
dτ +
∫ t
0
cε3dτ
(1 + τ)1−cε
which leads to the bound
Ek(t) ≤ CNε2(1 + t)2cε
This concludes the induction and the proof of the theorem.
11.3 Proof of Lemma 11.5
Proof. Define the tensor
Hµν1 := H
µν −Hµν0 , Hµν0 = −χ(
r
t
)χ(r)
M
r
δµν
Observe that H0 coincides with the tensor −h0. Define also the wave operator ˜1 =  + Hαβ1 ∂α∂β .
According to (5.9) of Proposition 5.3
∣∣˜1ZIh1 − ZˆI˜1h1∣∣ . ∑
|K|≤|I|
∑
|J |+(|K|−1)+≤|I|
( |ZJH1|
1 + t+ |q| +
|ZJH1|LL
1 + |q|
)
|∂ZKh1|(11.21)
+
∑
|K|≤|I|
( ∑
|J |+(|K|−1)+≤|I|−1
|ZJH1|LT
1 + |q| +
∑
|J |+(|K|−1)+≤|I|−2
|ZJH1|
1 + |q|
)
|∂ZKh1|.
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Our goal is to obtain the estimate for the quantity∑
|I|≤N
∫ T
0
∫ ∣∣˜1ZIh1 − ZˆI˜1h1∣∣2(1 + t)w dxdt
Let us first deal with the terms in (11.21) with |K| ≤ N/2+1. In this case we use the decay estimates
(11.4)
|∂ZKh| ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−1/2+µ′ ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−Cε−µ
guaranteed by the assumptions of Theorem 11.1, provided that µ < 1/2 − µ′. It is clear that in this
case it suffices to consider the expression
(11.22)
∫ T
0
∫ ( |ZJH1|2
(1 + t+ |q|)2 +
|ZJH1|2LL + |ZJ
′
H1|2LT + |ZKH1|2
(1 + |q|)2
) ε2(1 + |q|)−2Cε
(1 + t+ |q|)1−2Cε
w dxdt
(1 + q−)2µ
.
∫ T
0
∫ |ZJH1|2
(1 + |q|)2
ε2w dxdt
1 + t
+
∫ T
0
∫ |ZKH1|2
(1 + |q|)2
ε2w dxdt
(1 + t)1−2Cε
+
∫ T
0
∫ |ZJH1|2LL + |ZJ ′H1|2LT
(1 + |q|)2
ε2(1 + |q|)−2Cε
(1 + t+ |q|)1−2Cε
w dxdt
(1 + q−)2µ
with |J | ≤ k, |J ′| ≤ k − 1, |K| ≤ k − 2, where k = |I|, After applying the Hardy type inequalities of
Corollary 13.3 the above expression is bounded by
ε2
(∫ T
0
∫ |∂ZJH1|2
1 + t
w dxdt+
∫ T
0
∫ |∂ZKH1|2
(1 + t)1−2Cε
w dxdt+
∫ T
0
∫
(|∂ZJH1|2LL + |∂ZJ
′
H1|2LT ) w˜ dxdt
)
,
where
w˜ = min (w′,
w
(1 + t+ |q|)1−2Cε ).
Ignoring the difference, which we shall comment on at the end of the proof, between the tensors
Hµν1 = g
µν −mµν −Hµν0 and h1µν = gµν −mνµ − h0µν , we see that the first two terms are as claimed in
the statement of the lemma. We now recall that according to Lemma 15.4 of Appendix D∑
|J |≤k
∣∣∂ZJH1∣∣LL + ∑
|J |≤k−1
∣∣∂ZJH1∣∣LT . ∑
|J |≤k
|∂¯ZJH1|+
∑
|J ′|≤k−1
|∂ZJ ′H1|
+ ε
1
1 + t+ |q|
∑
|J |≤k
(
|∂ZJH1|+ |Z
JH1|
1 + t+ |q|
)
+
∑
|J1|+|J2|≤k
|ZJ1H1||∂ZJ2H1|+ Cεχ0(1/2 < r/t < 3/4)
(1 + t+ |q|)2 +
Cε2
(1 + |t|+ |q|)3 ,
It is clear that in the sum
∑
|J1|+|J2|≤k
above at least one of the indices is ≤ N/2 and therefore we can
use the decay estimates (11.4): for |J ′| ≤ N/2 + 2
|ZJ ′h|
1 + |q| + |∂Z
J ′h| ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−1/2+µ′ ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−Cε.
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Thus, with |J | ≤ k, |J ′| ≤ k − 1,∫ T
0
∫ (
|∂ZJH1|2LL + |∂ZJ
′
H1|2LT
)
w˜ dxdt .
∫ T
0
∫ ∑
|J |≤k
|∂¯ZJH1|2w′ dxdt(11.23)
+ε2
∫ T
0
∫ ∑
|J |≤k
(
|∂ZJH1|2 + |Z
JH1|2
(1 + |q|)2
)( 1 + |q|
1 + t+ |q|
)2−2Cε
w′ dxdt+
∑
|J ′|≤k−1
∫ T
0
∫ |∂ZJ ′H1|2
(1 + t)1−2Cε
w dxdt+
∫ T
0
∫ (Cε2χ0(1/2 < r/t < 3/4)
(1 + t+ |q|)4 +
Cε4
(1 + |t|+ |q|)6
)
w′ dxdt
where χ0(1/2 < r/t < 3/4) is the characteristic function of the set where t/2 < r < 3t/4. Using the
properties of the function w′, in particular that w′ . w/(1+ |q|) we obtain that the above has a bound
(11.23) .
∑
|J |≤k
∫ T
0
∫
|∂¯ZJH1|2w′ dxdt+ ε2
∫ T
0
∫ ∑
|J |≤k
(
|∂ZJH1|2 + |Z
JH1|2
(1 + |q|)2
)w dxdt
1 + t
+
∑
|J ′|≤k−1
∫ T
0
∫ |∂ZJ ′H1|2
(1 + t)1−2Cε
w dxdt+
∫ T
0
∫
Cε2χ20(1/2 < r/t < 3/4)
(1 + t+ |q|)4(1 + |q|)1+2µ dxdt
+
∫ T
0
Cε4
(1 + |t|+ |q|)6 (1 + |q|)
1+2γ dxdt
Once again we use the Hardy type inequality of Corollary 13.3 with a = 0 to conclude that∫ T
0
∫ (
|∂ZIH1|2LL + |∂ZJH1|2LT
)
w′ dxdt .
∑
|J |≤k
∫ T
0
∫ (
|∂¯ZJH1|2w′ + |∂Z
JH1|2
1 + t
w
)
dxdt
+
∑
|J ′|≤k−1
∫ T
0
∫ |∂ZJ ′H1|2
(1 + t)1−2Cε
w dxdt+ Cε2
as desired, modulo the difference between H1 and h
1, in Lemma 11.5. To finish the proof of the Lemma
for the case |K| ≤ N/2 + 1 it remains address the difference between the tensors
Hµν1 = g
µν −mµν + h0µν and h1µν = gµν −mµν − h0µν
The above expressions imply that
(m+ h0 + h1)−1µν = (m− h0 +H1)µν
Therefore, Hµν1 = −h1µν +Oµν
(
(h0 + h1)2) and it follows that
|∂ZJH1| . |∂ZJh1|+
∑
|J1|+|J2|≤|J |
(
|ZJ1h0||∂ZJ2h1|+ |ZJ1h1||∂ZJ2h1|+ |∂ZJ1h0||ZJ2h1|+ |ZJ1h0||∂ZJ2h0|
)
,
|∂¯ZJH1| . |∂¯ZJh1|+
∑
|J1|+|J2|≤|J |
(
|ZJ1h0||∂ZJ2h1|+ |ZJ1h1||∂ZJ2h1|+ |∂ZJ1h0||ZJ2h1|+ |ZJ1h0||∂ZJ2h0|
)
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Taking into account that for i = 0, 1 and |J ′| ≤ N/2 + 2
|ZJ ′hi|
1 + |q| + |∂Z
J ′h| ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−1/2+µ′ ≤ Cε(1 + t+ |q|)−1+Cε(1 + |q|)−Cε.
we obtain that
|∂ZJH1| . |∂ZJh1|+
( 1 + |q|
1 + t+ |q|
)1−Cε ∑
|K|≤|J |
(
|∂ZKh1|+ |Z
Kh1|
1 + |q|
)
+
ε2
(1 + t+ |q|)3 ,
|∂¯ZJH1| . |∂¯ZJh1|+
( 1 + |q|
1 + t+ |q|
)1−Cε ∑
|K|≤|J |
(
|∂ZKh1|+ |Z
Kh1|
1 + |q|
)
+
ε2
(1 + t+ |q|)3
Thus, with the help of the inequality w′ ≤ w/(1 + |q|),∑
|J |≤k,|K|≤k−1
∫ T
0
∫ ( |∂ZJH1|2
1 + t
w dxdt+
|∂ZKH1|2
(1 + t)1−2Cε
)
w dxdt+
∫ T
0
∫
|∂¯ZJH1|2w′ dxdt
.
∑
|J |≤k,|K|≤k−1
∫ T
0
∫ ( |∂ZJh1|2
1 + t
w dxdt+
|∂ZKh1|2
(1 + t)1−2Cε
)
w dxdt+
∫ T
0
∫
|∂¯ZJh1|2w′ dxdt
+
∫ T
0
∫
1
(1 + t)
|ZJh1|2
(1 + |q|)2 w dxdt+
∫ T
0
∫
1
(1 + t)1−2Cε
|ZKh1|2
(1 + |q|)2 w dxdt+ ε
2
.
∑
|J |≤k,|K|≤k−1
∫ T
0
∫ ( |∂ZJh1|2
1 + t
w dxdt+
|∂ZKh1|2
(1 + t)1−2Cε
)
w dxdt+
∫ T
0
∫
|∂¯ZJh1|2w′ dxdt+ ε2,
where to pass to the last inequality we once again used the Hardy type inequality of Corollary 13.3.
Returning to (11.21) we now deal with the case |K| ≥ N/2, which implies that |J | ≤ N/2 + 1 and
allows us to use the decay estimates (11.3)-(11.4) for H1 = −h1 + O(h2). Therefore, the contribution
of the terms with |K| ≥ N/2 to ∣∣˜1ZIh1 − ZˆI˜1h1∣∣ can be bounded by∑
|K|=|I|
∑
|J |=1
( |ZJH1|
1 + t+ |q| +
|ZJH1|LL + |H1|LT
1 + |q|
)
|∂ZKh1|+
∑
|K|<|I|
|ZJH1|
1 + |q| |∂Z
Kh1|
.
∑
|K|=|I|
|∂ZKh1|
1 + t
+
∑
|K|<|I|
|∂ZKh1|
(1 + t)1−Cε
and the desired result follows.
To estimate the commutator ˜gZ
Ih1 − ZˆI˜gh1 it remains to address the term
|Hαβ0 ∂α∂βZIh1 − ZˆI
(
Hαβ0 ∂α∂βZ
Ih1
)| ≤ ε 1
1 + t+ |q|
∑
|J |≤|I|
CJ
|∂ZJh1|
1 + |q|
Therefore∫ T
0
∫
|Hαβ0 ∂α∂βZIh1 − ZˆI
(
Hαβ0 ∂α∂βZ
Ih1
)|2(1 + t)w dxdt . ε2 ∑
|J |≤|I|
∫ T
0
∫ |∂ZJh1|2
1 + t
w dxdt
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12 Appendix A. Commutators
Recall the family of vector fields Z = {∂α,Ωαβ = −xα∂b + xβ∂α, S = t∂t + r∂r}. In this section we
address commutation properties of the family Z with various differential structures. Recall that for
any Z ∈ Z we have [Z,] = −cZ, where cZ is different from zero only for the scaling vector field S,
cS = 2.
Lemma 12.1. Let Z ∈ Z and let the constants cµα be defined by
[∂α, Z] = c
µ
α ∂µ, c
µ
α = ∂αZ
µ
Then cLL = c
LL = 0. In addition, if Q is a null form, then
(12.1) ZQ(∂φ, ∂ψ) = Q(∂φ, ∂Zψ) +Q(∂Zφ, ∂ψ) + Q˜(∂φ, ∂ψ)
for some null form Q˜ on the right hand-side.
Proof. Since Z = Zα∂α is a Killing or conformally Killing vector field we have
(12.2) ∂αZβ + ∂βZα = fmαβ
where Zα = mαβZ
β . In fact, for the vector fields above, f = 0 unless Z = S in which case f = 2. In
particular,
LαLβ∂αZβ = 0.
If c µα is as defined above and cαβ = c
µ
α mµβ = ∂αZβ the above simply means that cLL = c
LL = 0.
which proves the first part of the lemma. To verify (12.1) we first consider the null form Q = Qαβ We
have
ZQαβ(∂φ, ∂ψ) = Qαβ(∂Zφ, ∂ψ) +Qαβ(∂φ, ∂Zψ)
+ [Z, ∂α]φ∂βψ − ∂βφ[Z, ∂α]ψ + [Z, ∂β]φ∂αψ − ∂αφ[Z, ∂β ]ψ
= Qαβ(∂Zφ, ∂ψ) +Qαβ(∂φ, ∂Zψ)− cµα(∂µφ∂βψ − ∂βφ∂µψ)− cµβ(∂µφ∂αψ − ∂αφ∂µψ)
= Qαβ(∂Zφ, ∂ψ) +Qαβ(∂φ, ∂Zψ)− cµαQµβ(∂φ, ∂ψ)− cµβQµα(∂φ, ∂ψ)
The calculation for the null form Q0(∂φ, ∂ψ) = m
αβ∂αφ∂βψ is similar and we leave it to the reader.
For any symmetric 2-tensor pi and a vector field Z ∈ Z define
(12.3) piαβZ ∂α∂β = pi
αβ [∂α∂β, Z], i.e., pi
αβ
Z := pi
αγc βγ + pi
γβc αγ .
Lemma 12.2. The tensor coefficients piαβZ verify the following estimate:
(12.4) |piZ |LL ≤ 2|pi|LT .
In general,
[piαβ∂α∂β , Z
I ] =
∑
I1+I2=I, |I2|<|I|
piI1αβ∂α∂βZ
I2 ,(12.5)
piJαβ :=
∑
|K|≤|J |
cJαβKµνZ
K(piµν) = −ZJ(piαβ)−
∑
K+Z=J
ZKpiαβZ +
∑
|K|≤|J |−2
dJαβKµνZ
K(piµν)
for some constants cJαβMµν and d
Jαβ
Mµν . Here the sum (12.5) means the sum over all possible order pre-
serving partitions of the multi-index I into multi-indices I1, I2.
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Proof. First observe that since the vector fields Z are linear in t and x we have
[∂2αβ, Z] = [∂β, Z]∂α + [∂α, Z]∂β = c
γ
β ∂γ∂α + c
γ
α ∂γ∂β,
which proves the first statement, while the second follows since c
L
L = 0.
To prove (12.5) we first write
ZI
(
piαβ∂α∂βφ
)
=
∑
K+J=I
(ZKpiαβ)ZJ
(
∂α∂βφ
)
Then we observe that
(12.6) ZJ∂α∂βφ =
∑
J1+J2=J, J1=(ι`1 ,...,ι`n )
[
Zι`1 ,
[
Zι`2 ,
[
...,
[
Zι`n−1 , [Zι`n , ∂2αβ ]
]
...
] ] ]
ZJ2φ,
where the sum is over all order preserving partitions of (1, ..., k) into two ordered sequences (`1, ..., `n)
and (`n+1, ..., `k) such that J2 = (ι`n+1 , ..., ι`k). It therefore follows that
piJαβ = −
∑
K+L=J, L=(ι1,...,ιl)
(ZKpiαβ)
[
Zι1 ,
[
Zι2 ,
[
...,
[
Zιl−1 , [Zιl , ∂2αβ ]
]
...
] ] ]
The desired representation follows after taking into account that
(ZKpiαβ)[Z, ∂2αβ ] = −(ZKpiαβZ )∂α∂β
For a symmetric 2-tensor H and a vector field Z ∈ Z we set Zˆ = Z + cZ , where cZ is the constant
in the commutator [Z,] = −cZ, and
(12.7) HˆJαβ =
∑
|M |≤|J |
cJαβMµνZˆ
MHµν = −ZˆJHαβ −
∑
M+Z=J
ZˆMHαβZ +
∑
|M |≤|J |−2
dJαβMµνZˆ
MHµν
Corollary 12.3. Let ˜g = +H
αβ∂α∂β. Then
˜gZφ− Zˆ˜gφ = −(ZˆHαβ +HαβZ )∂α∂βφ,(12.8) ∣∣˜gZφ− Zˆ˜gφ| . ( |ZH|+ |H|
1 + t+ |q| +
|ZH|LL + |H|LT
1 + |q|
) ∑
|I|≤1
|∂ZIφ|(12.9)
In general,
˜gZ
Iφ− ZˆI˜gφ = −
∑
I1+I2=I, |I2|<|I|
HˆI1αβ∂α∂βZ
I2φ,(12.10)
|˜gZIφ− ZˆI˜gφ| . 1
1 + t+ |q|
∑
|K|≤|I|,
∑
|J |+(|K|−1)+≤|I|
|ZJH| |∂ZKφ|(12.11)
+
1
1 + |q|
∑
|K|≤|I|
( ∑
|J |+(|K|−1)+≤|I|
|ZJH|LL +
∑
|J ′|+(|K|−1)+≤|I|−1
|ZJ ′H|LT +
∑
|J ′′|+(|K|−1)+≤|I|−2
|ZJ ′′H|
)
|∂ZKφ|
where (|K| − 1)+ = |K| − 1 if |K| ≥ 1 and (|K| − 1)+ = 0 if |K| = 0.
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Proof. First observe that
Zˆ˜gφ = (Z + cZ)φ+ (Z + cZ)H
αβ∂2αβφ
= Zφ+Hαβ∂2αβZφ+ (ZH
αβ)∂2αβφ+ (H
αβ
Z + cZH
αβ)∂2αβφ
= ˜gZφ+ (ZH
αβ)∂2αβφ+ (H
αβ
Z + cZH
αβ)∂2αβφ
Recall now that the constant cZ is different from 0 only in the case of the scaling vector field S.
Moreover, in that case
HαβS + cSH
αβ = 0
The inequality (12.9) now follows from (12.8), (12.4) and the estimate (5.7). The general commutation
formula (12.10) follows from the following calculation, similar to the one in Lemma 12.2. We have
ZˆI˜gφ = Zˆ
Iφ+ ZˆIHαβ∂2αβφ = Z
Iφ+
∑
J+K=I
ZˆJHαβZK∂2αβφ
If we now use (12.6) we get (12.10) as in the proof of Lemma 12.2. The inequality (12.11) now follows
from (12.10), (12.4) and the estimate (5.7).
13 Appendix B. Hardy type inequality
In this section we prove a version of the classical three dimensional Hardy inequality∫
R3
|f(x)|2
|x|2 dx ≤ 4
∫
R3
|∇f(x)|2dx.
The Hardy inequality converts the weighted L2 norm of the function f into the L2 norm of its gradient.
These type of estimates prove to be useful in the context of energy estimates for solutions of a quasilinear
wave equation g(φ)φ = F , where the energy norms contain only the derivatives of φ while the error
terms, generated by the metric g(φ) also depend on the solution φ itself. The disadvantage of the
classical Hardy inequality in this context is that it requires a costly weight r−2. The ”cost” here refers
to the rate of decay of the weight in the wave zone r ≈ t. Therefore we seek a version of the Hardy
inequality with the weight dependent on the distance to the cone r = t rather than the origin r = 0.
Lemma 13.1. Let 0 ≤ α ≤ 2, 1 + µ > 0 and γ > 0. Then for any function u ∈ C10 ([0,∞)) and an
arbitrary t ≥ 0 there is a constant C, depending on a lower bound for γ > 0 and 1 + µ > 0, such that∫ t
0
u2
(1 + |r − t|)2+µ
r2 dr
(1 + t+ r)α
+
∫ ∞
t
u2
(1 + |r − t|)1−γ
r2 dr
(1 + t+ r)α
(13.1)
≤ C
∫ t
0
|∂ru|2
(1 + |r − t|)µ
r2
(1 + t+ r)α
dr + C
∫ ∞
t
|∂ru|2 (1 + |r − t|)
1+γ
(1 + t+ r)α
r2 dr
Remark 13.2. The inequality (13.1) with α = 0 appears to be the precise analogue of the classical
(spherically-symmetric) Hardy inequality. The presence of the additional growing weight (1+|t−r|)1+γ
seems to be necessary and in fact fits perfectly in the context of our weighted energy estimates. In the
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previous works [L-R2] the estimates used to convert a weighted norm of a solution into a norm of its
derivative, e.g.,∫ ∞
0
u2
(1 + |r − t|)2+µ r
2dr ≤ C
(
(1 + t)2|u(1 + t)|2 +
∫ ∞
0
|∂ru|2
(1 + |r − t|)2+µ r
2dr
)
were more reminiscent of the classical Poincare´ inequality.
Proof. Set
m(q) =
{
(1 + q)γ , q > 0
(1− q)−1−µ, q ≤ 0
Then
m′(q) =
{
γ(1 + q)−1+γ , q ≥ 0
(1 + µ)(1− q)−2−µ, q ≤ 0
Since α ≤ 2
∂r
(
r2(1 + t+ r)−αm(r − t)
)
=
(2
r
− α
1 + t+ r
+
m′(r − t)
m(r − t)
) r2m(r − t)
(1 + t+ r)α
≥ r
2m′(r − t)
(1 + t+ r)α
Hence
∂r
(
r2(1 + t+ r)−αm(r − t)φ2
)
≥ m′(r − t)r2(1 + t+ r)−αφ2 + 2r2(1 + t+ r)−αm(r − t)φ∂rφ
If we integrate the above from 0 to ∞ and use that φ has compact support we see that∫ ∞
0
m′(r − t)φ2 r
2dr
(1 + t+ r)α
≤ 2
∫ ∞
0
m(r − t)φ∂rφ r
2dr
(1 + t+ r)α
Since m′ > 0 and m ≥ 0 it follows from Cauchy-Schwarz inequality that∫ ∞
0
m′(r − t)φ2 r
2dr
(1 + t+ r)α
≤
√
2
∫ ∞
0
m(r − t)2
m′(r − t) |∂rφ|
2 r
2dr
(1 + t+ r)α
from which the lemma follows.
Corollary 13.3. Let γ > 0 and µ > 0 and set, for q = r − t,
w(q) =
{
1 + (1 + |q|)1+2γ , q > 0,
1 + (1 + |q|)−2µ, q < 0
Then for any −1 ≤ a ≤ 1 and any φ ∈ C∞0 (R3)∫ |φ|2
(1 + |q|)2
w dx
(1 + t+ |q|)1−a .
∫
|∂φ|2 w dx
(1 + t+ |q|)1−a
If in addition a < 2min (γ, µ),∫ |φ|2
(1 + |q|)2
(1 + |q|)−a
(1 + t+ |q|)1−a
w dx
(1 + q−)2µ
.
∫
|∂φ|2min (w′, w
(1 + t+ |q|)1−a ) dx
where q− = |q|, when q < 0 and q− = 0, when q > 0.
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14 Appendix C. Weighted Klainerman-Sobolev inequalities
In this section we provide a straightforward generalization of the Klainerman-Sobolev inequalities,
expressing pointwise decay in terms of the bounds on L2 norms involving vector field Z ∈ Z. We
consider energy norms with the following weight function
w = w(q) =
{
1 + (1 + |q|)1+2γ , when q > 0
1 + (1 + |q|)−2µ when q < 0
for some 0 < γ < 1. Therefore,
w ′ =: w ′(q) =
{
(1 + 2γ)(1 + |q|)2γ , when q > 0
2µ(1 + |q|)−1−2µ, when q < 0
w′ ≤ 4w(1 + |q|)−1 ≤ 16γ−1w′(1 + q−)2µ.
We have the following global Sobolev inequality
Proposition 14.1. For any function φ ∈ C∞0 (R3) and an arbitrary (t, x),
|φ(t, x)|(1 + t+ |q|)[(1 + |q|)w(q)]1/2 ≤ C ∑
|I|≤3
‖w1/2ZIφ(t, ·)‖L2 , q = t− r
Proof. Fist note that it is sufficient to consider two cases when the support of φ is in the sets r ≤ t/2
and t/4 ≤ r respectively. We argue as follows. Let χ(τ) be a smooth cut-off function such χ(τ) = 1
when τ ≤ −3/5, andχ(τ) = 0 for τ ≥ −1/3. Define
φ1(t, x) = χ(
r − t
r + t
)φ(t, x), φ2(t, x) = (1− χ(r − t
r + t
))φ(t, x)
The supports of functions φ1, φ2 then belong to the desired regions and
∑
|I|≤3 |ZIφi| ≤ C
∑
|I|≤3 |ZIφ|,
since |ZIχi| ≤ C.
First for r ≤ t/2 consider the rescaled function cφt(x) = φ(t, tx), where |x| ≤ 1/2 in the support.
By the standard Klainerman-Sobolev estimate
‖φt(x)‖L∞x ≤ C
∑
|α|≤2
‖∂αφt(x)‖L2x ≤ C
∑
|α|≤2
‖(t|α|∂αφ)(t, tx)‖L2x
Since ∑
|α|≤k
|t− r||α||∂αφ(t, x)| ≤ C
∑
|I|≤k
|ZIφ(t, x)|,
we obtain that
‖φ(t, x)‖L∞x ≤ Ct−3/2
∑
|I|≤k
‖ZIφ(t, x)‖L2x .
Multiplying both sides of the above inequality by [w(−t)]1/2, which is ≈ [w(q)]1/2 when r ≤ t/2, proves
the proposition in the case when φ is supported in the region r ≤ t/2.
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When r ≥ t/4 we can estimate the L∞ norm by the L1 norms of derivatives:
|φ(t, x)|2(1+ t+ |q|)2w(q)(1+ |q|) ≤ C
∑
|α|≤2
∫
S2
∫ ∣∣∣∂αω∂q(w(q)(1+ |q|)(t+ q)2φ(t, (t+ q)ω)2)∣∣∣ dq dS(ω)
Since |w′(q)|(1 + |q|) ≤ Cw(q) and |q| ≤ C|t+ q| = Cr on the support of φ it follows that we have the
bound∑
|α|≤2,k=0,1
∫
S2
∫
w(q)(t+ q)2
∣∣∣(q∂q)k∂αωφ(t, (t+ q)ω)∣∣∣2 dq dS(ω) ≤ C ∑
|I|≤3
∫
R3
w(q)|ZIφ(t, x)|2 dx
15 Appendix D. Wave coordinate condition
In this section we provide the details on the estimates following from the wave coordinate condition
(15.1) ∂µ
(
gµν
√
| det g|
)
= 0
for a Lorentzian metric g in a coordinate system {xµ}µ=0,...,3, leading up to the proof of Proposition
8.2. We recall the definition of the tensor Hµν = gµν−mµν and below state the consequences of (15.1)
in terms of estimates for H.
We first observe that for any vector field X and a collection of our special vector fields Z ∈ Z we
have that
(15.2) ZI∂αX
α = ∂α
(
ZIXα +
∑
|J |<|I|
c I αJ γ Z
JXγ
)
= ∂α
( ∑
|J≤|I|
c I αJ γ Z
JXγ
)
,
where c αJ γ are constants such that
c I αJ γ = δ
α
γ , for |J | = |I| and c I LJ L = 0, for |J | = |I| − 1
The last identity is a consequence of the relation between c I γJ α and the commutator constants cαβ =
[∂α, Z]β for which we have established in Lemma 12.1 that cLL = 0. It therefore follows from (15.1)
and (15.2) that
(15.3) H [I]µν := Z
IH˜µν +
∑
|J |<|I|
cI γJ µ Z
JH˜γν , with H˜µν := Hµν − mµν
2
trH,
satisfies
(15.4) ∂µH
[I]µν + ZI∂µO
µν(H2) = 0, where Oµν(H2) = O(|H|2).
Lemma 15.1. Let H be a 2-tensor and let H [I] be defined by (15.3). Then, for j = 0, 1;
(15.5)
∑
|I|≤k
|∂jZIH|LL +
∑
|J |≤k−1
|∂jZJH|LT .
∑
|K|≤k−2
|∂jZKH|+
∑
|I|≤k
|∂jH [I]|LT
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Proof. It is easy to see that (15.3) implies that for any α∑
|I|≤k
|∂αZIH|LL .
∑
|J |≤k−1
|∂αZJH|LT +
∑
|K|≤k−2
|∂αZKH|+
∑
|I|≤k
|∂αH [I]|LL,
∑
|J |≤k−1
|∂αZJH|LT ≤
∑
|K|≤k−2
|∂αZKH|+
∑
|J |≤k−1
|∂αH [J ]|LT
and (15.5) follows.
Lemma 15.2. Let Z represent Minkowski Killing or conformally Killing vector fields from our family
Z and assume the tensor H satisfies the wave coordinate condition (15.1). Then for any multi-index I
tensor H [I], defined in (15.3) satisfies the following estimate∣∣∂H [I]∣∣
LT
.
∑
|J |≤|I|
|∂¯ZJH|+
∑
I1+...+Ik=I, k≥2
|ZIkH| · · · |ZI2H| |∂ZI1H|.
Proof. The wave coordinate condition (8.1) can be written in the form
∂µ
(
G˜µν
)
= 0, where G˜µν = (mµν +Hµν)
√
| det g|.
It follows from (15.2) that
∂µ
( ∑
|J |≤|I|
c I µγJ Z
JG˜γν
)
= 0.
Decomposing relative to the null frame (L,L,A,B) we obtain
∂q
( ∑
|J |≤|I|
c
I L γ
J Z
JG˜γν
)
= ∂s
( ∑
|J |≤|I|
c I LγJ Z
JG˜γν
)
−Aµ∂¯A
( ∑
|J |≤|I|
c I µγJ Z
JG˜ γν
)
.
We now contract the above identity with one of the tangential vector fields T ν , T ∈ {L,A,B} to obtain∣∣∣Lγ T ν∂qZIG˜γν +∑
|J |<|I|
c
I Lγ
J T
ν ∂qZ
JG˜γν
∣∣∣ . ∑
|J |≤|I|
∣∣∂¯ZIG˜∣∣
We now examine the expression
Lγ T νZJ∂qG˜γν = L
γ T ν∂qZ
J
(
(mγν +Hγν)
√
| det g|
)
=
∑
J1+J2=J
Lγ T ν∂q
(
(ZJ1Hγν)Z
J2
√
| det g|
)
since mLT = L
γ T νmγν = 0. The desired estimate now follows from the identity
√
| det g| = 1+ f(H),
which holds with a smooth function f(H) such that f(0) = 0 and f(H) = −trH/2 +O(H2)
We now summarize the above results in the following
Lemma 15.3. Let g be a Lorentzian metric satisfying the wave coordinate condition (15.1) relative to
a coordinate system {xµ}µ=0,...,3. Then the following estimates for the tensor Hµν = gµν −mµν and a
multi-index I hold true under the assumption that |ZJH| ≤ C, for all |J | ≤ |I|/2:
|∂ZIH|LT .
( ∑
|J |≤|I|
|∂ZJH|+
∑
|J |≤|I|−1
|∂ZJH| +
∑
|I1|+||I2|≤|I|
|ZI2H||∂ZI1H|
)
(15.6)
|∂ZIH|LL .
( ∑
|J |≤|I|
|∂ZJH|+
∑
|J |≤|I|−2
|∂ZJH|+
∑
|I1|+|I2|≤|I|
|ZI2H||∂ZI1H|
)
.(15.7)
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We now establish that the tensor
(15.8) Hµν1 = H
µν −Hµν0 , Hµν0 := −χ(
r
t
)χ(r)
M
r
δµν
obtained by subtracting the ”Schwarzschild part” H0 from H obeys similar structure estimates to those
of H.
Lemma 15.4. Let g be a Lorentzian metric satisfying the wave coordinate condition (15.1) relative
to a coordinate system {xµ}µ=0,...,3. For a given integer k ≥ 0 we have the following estimates for the
tensor Hµν1 = g
µν −mµν −Hµν0 , under the assumption that |ZJH| ≤ C, ∀|J | ≤ k/2,
(15.9)
∑
|I|≤k
∣∣∂ZIH1∣∣LL + ∑
|I|≤k−1
∣∣∂ZIH1∣∣LT . ∑
|I|≤k
|∂¯ZIH1|+
∑
|I|≤k−2
|∂ZIH1|
+ ε
1
1 + t+ |q|
∑
|I|≤k
(
|∂ZIH1|+ |Z
IH1|
1 + t+ |q|
)
+
∑
|I|+|J |≤k
|ZIH1||∂ZJH1|+ Cεχ0(1/2 < r/t < 3/4)
(1 + t+ |q|)2 +
Cε2
(1 + |t|+ |q|)3 ,
where χ0(1/2 < r/t < 3/4) is the characteristic function of the set where t/2 < r < 3t/4.
Proof. We define the tensors
H [I]µν = Z
IH˜µν +
∑
|J |<|I|
cI γJ µ Z
JH˜γν , H˜µν = Hµν − mµν
2
trH,
H0
[I]
µν = Z
IH˜0µν +
∑
|J |<|I|
cI γJ µ Z
JH˜0γν , H˜0µν = H0µν −
mµν
2
trH0,
H1
[I]
µν = Z
IH˜1µν +
∑
|J |<|I|
cI γJ µ Z
JH˜1γν , H˜1µν = H1µν −
mµν
2
trH1.
with the constants cI γJ µ such that c
I L
J L = 0, if |J | = |I| − 1. Observe that the tensor H0[I]µν is defined
in such a way that
∂µH0
[I]
µν = Z
I
(
∂µH˜0µν
)
Since the tensor gµν satisfies the wave coordinate condition it follows that
(15.10) ∂µH [I]µν + Z
I∂µO
µν(H2) = 0, where Oµν(H2) = O(|H|2).
On the other hand, calculating using the definition of H0,
∂µH˜0µν = 2χ
′(r/t)χ(r)M/t2δν 0
Therefore, since Hµν = H0µν +H1µν and H
[I]
µν = H0
[I]
µν +H1
[I]
µν we obtain
∂µH1
[I]
µν = −ZI∂µOµν(H2) + 2ZI
(
χ′(r/t)χ(r)M/t2
)
δν 0
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Arguing as in the proof of Lemma 15.2 we derive∑
|I|≤k
∣∣∂ZIH1∣∣LL + ∑
|I|≤k−1
∣∣∂ZIH1∣∣LT . ∑
|I|≤k
∣∣∂H [I]1 ∣∣LT + ∑
|I|≤k−2
|∂ZIH1|(15.11)
.
∑
|I|≤k
|∂¯ZIH1|+
∑
|I|≤k
∑
I1+...+In=I, n≥2
|ZInH| · · · |ZI2H| |∂ZI1H|(15.12)
+
∑
|I|≤k−2
|∂ZIH1|+ Cεχ0(1/2 < r/t < 3/4)
(1 + t+ |q|)2 ,(15.13)
where χ0(1/2 < r/t < 3/4) is the characteristic function of the set where t/2 < r < 3t/4. Using the
condition |ZIH| . 1, ∀|I| ≤ k/2 and the estimates
|ZIH0|+ (1 + t+ |q|)|∂ZIH0| ≤ ε
1 + t+ |q|
we obtain
(15.14)
∑
I1+...+In=I, n≥2
|ZInH| · · · |ZI2H| |∂ZI1H| .
∑
|J |+|K|≤|I|
|ZJH| |∂ZKH|
.
∑
|J |+|K|≤|I|
|ZJH0| |∂ZKH1|+ |ZJH1| |∂ZKH0|+ |ZJH1| |∂ZKH1|+ |ZJH0| |∂ZKH0|
.
∑
|J |≤|I|
ε
1
1 + t+ |q|
(
|∂ZJH1|+ |Z
JH1|
1 + t+ |q|
)
+
ε2
(1 + t+ |q|)3
and the lemma follows.
16 Appendix E: L1 − L∞ estimates and additional decay
The bounds
(16.1) EN (t) =
∑
|I|≤N
‖w1/2∂ZIh1(t, ·)‖L2 + ‖w1/2∂ZIψ(t, ·)‖L2 ≤ CN (1 + t)CNε,
with
(16.2) w1/2 =
{
(1 + |r − t|)1/2+γ , r > t
1, r ≤ t
imply, with the help of the weighted Klainerman-Sobolev inequality, that
(16.3) |∂ZIh1|+ |∂ZIψ| ≤
{
C ′Nε(1 + t+ r)
−1+CNε(1 + |t− r|)−1−γ , r > t
C ′Nε(1 + t+ r)
−1+CNε(1 + |t− r|)−1/2, r ≤ t , |I| ≤ N − 2
The exponent in the interior decay estimate (16.3) in |t− r| can be improved from −1/2 to −1 using
the estimate
(16.4) |ZIh1|+ |ZIψ| ≤ C ′′Nε(1 + t)−1+2CNε, |I| ≤ N − 3
that we will now prove. We will divide the solution of Einstein’s equations into a linear and a nonlinear
part with vanishing initial data h1µν = vµν + wµν . The estimate for the linear part follows from:
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Lemma 16.1. If v is the solution of
v = 0, v
∣∣
t=0
= v0, ∂tv
∣∣
t=0
= v1
then for any γ > 0;
(16.5) (1 + t)|v(t, x)| ≤ C sup
x
(
(1 + |x|)2+γ(|v1(x)|+ |∂v0(x)|) + (1 + |x|)1+γ |v0(x)|
)
Proof. The proof is an immediate consequence of the Kirchhoff’s formula
v(t, x) = t
∫
|ω|=1
(
v1(x+ tω) + 〈v′0(x+ tω), ω〉
)
dS(ω) +
∫
|ω|=1
v0(x+ tω) dS(ω),
where dS(ω) is the normalized surface measure on S2. Suppose that x = re1, where e1 = (1, 0, 0).
Then for k = 1, 2 we must estimate
(16.6)∫
dS(ω)
1 + |re1 + tω|k+γ =
∫ 1
−1
Cdω1
1 +
(
(r − tω1)2 + t2(1− ω21)
)(k+γ)/2 ≤ ∫ 2
0
Cds
1 +
(
(r − t+ ts)2 + t2s)(k+γ)/2
If k = 2 we make the change of variables t2s = τ to get an integral bounded by Ct−2 and if k = 1, we
make the change of variables ts = τ to get an integral bounded by t−1.
To estimate the nonlinear part we use Ho¨rmander’s L1−L∞ estimates for the fundamental solution
of , see [H1, L1]:
Proposition 16.2. If v be the solution of
w = g, w
∣∣
t=0
= ∂tw
∣∣
t=0
= 0
then
(16.7) |w(t, x)|(1 + t+ |x|) ≤ C
∑
|I|≤2
∫ t
0
∫
R3
|ZIg(s, y)|
1 + s+ |y| dy ds,
Let h1µν = vµ nu + wµν where,
(16.8) wµν = −Hαβ∂α∂βhµν + Fµν(h)(∂h, ∂h), wµν
∣∣
t=0
= ∂twµν
∣∣
t=0
= 0,
and
(16.9) vµν = 0, vµν
∣∣
t=0
= h1µν
∣∣
t=0
, ∂tvµν
∣∣
t=0
= ∂th
1
µν
∣∣
t=0
.
We have
(16.10) |ZIFµν(h)(∂h, ∂h)| ≤ C
∑
|J |+|K|≤|I|
|∂ZJh| |∂ZKh|+ C
∑
|J |+|K|≤|I|
|ZJh|
1 + |q| |∂Z
Kh|,
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and since Hαβ = −hαβ +O(h2),
(16.11)
∣∣ZI(Hαβ∂α∂βhµν)∣∣ ≤ C ∑
|J |+|K|≤|I|+1, |J |≤|I|
|ZJh|
1 + |q| |∂Z
Kh|.
Now
(16.12)
∫
|∂ZJh| |∂ZKh|(s, y) dy ≤
∑
|I|≤N
‖∂ZIh(s, ·)‖2L2 ≤ C(1 + s)2CNε.
We write h = h0 + h1 and estimate
(16.13)
∫ |h0(s, y)|2
(1 + |q|)2 dy ≤M
2
∫ ∞
0
r2 dr
(1 + |t+ r|)2(1 + |t− r|)2 ≤ CM
2
and by Corollary 13.3
(16.14)
∫ |h1(s, y)|2
(1 + |q|)2 dy ≤ C
∫
|∂h1(s, y)|2w(q) dy ≤ C2Nε2(1 + t)2CNε
where w is as in (16.2). Hence
(16.15)
∫ |ZJh|
1 + |q| |∂Z
Kh|(s, y) dy ≤ Cε2(1 + t)2CNε
It now follows from Proposition 16.2 that
(16.16) |wµν(t, x)|(1 + t+ |x|) ≤
∫ t
0
ε2 ds
(1 + s)1−2CNε
≤ Cε(1 + s)2CNε
which proves (16.4).
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